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TOPIC 1:
Stress and Equilibrium
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TOPIC 2:
Stress Transformation
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TOPIC 3:
Displacement and
Strain



In aur study of siress, we naver consisbRd the e of the (eg, poide, maenal wle)
I,'

due do the afplied losding. Wk experr fhe bady 4o < doyge sze ad depe windt mlies
wakenal  shsplacement:

¢"]
! y ,
] 2N
: — "\‘fj
A\I /)"‘"‘-'-""-"*5'7( ‘= I =
’ Y 3
< — - > X
.L"’ A%

cgd ldy moten: ey bit £ wilen) diplaces the same ameunt: The celaoe digplacornt 15 zew.
defamation: bis o matenal (Jefa‘dhﬁ on pa::\an\ Aspace o Aot amaunt. The vdatue chsplacoment-

S ven-Zero.

Rigid By Displocement

Inchal Cmgtgum-hm D
Y O (& Y D_ .- . e
A A ‘l "
p !
Al
Ax, __E_- .
A= o —
N -
————— -~
A A% A‘ i
| S -
> X o 5 X
Deformation
ol
Deformation
! ]
Yy o ©__ e ¢ Y o
A : { A
t I
p ! l \l Ay J
1, , ‘f'
| ( Al
ety S
U' AX gu./'\/\/i A Ax
w W+ U dx




normel xpan: Jelermartion dorg (re., parllel 1) an oS,

)
eo-lat, Wre -y, £y= Yo% RNy
Ax M % Ay 'o\y dy

dhear sk deBomotion -\%r\'c}avge.s the arge betoeer Hao angmally perpencheular oves.

& g
%dza%:.;gx \cr]smaﬂag‘e&sswvus\-row,o\’ft'-‘%LC

3
‘\zm($=§uﬁ‘=3,u le\anéemmphmj@xé_@
& & &

M J oW

AT 2 - SRl VIR S

Sam 18 et only elagpr\wn/cm-\mc\-ua Ce,,e,,e) bt olatan as well (?;«,,Tn,%b'
Siress at o pant 13 deYervined ‘oy 3(brperdlcu\m’\obﬂ%wb\so s stran,

%':'\'(éﬂ *ét_ﬂ h=tt, =V, th=w
A AXj % =R, X3, X%=2

£=\3U..\.3u=éu g =

\ /au v\ . - .
"I 25 ™ W w7 aﬁJ’a“x)'ﬁ%‘/ €, 9;“/ ergnem@sleurs\mm

.‘5_7;7: A shear steoun
[ €, %-%Y 3\:%2’
g;=€ = S %y ey A
3T 3P B




normel xpan: Jelermartion dorg (re., parllel 1) an o,

y
A
J
D;O‘ c:— C Ej—' &u v ,A’% - %—Mj
: X (Bx) X%
¢, z€0=% %
a” ™8 Xg %a
AN e & 7
y
A
o' ¢
ol R — ¢ £F QU o M - VooV,
a\/ Ay Y=Y
¢,z €,= Yo Va
Yo~ Ya
Iy @ 7x

dhesr skoan: deoomotion Avek c)wge.s Hhe arge behoeen 4o ongimally perpencheular aves.

:( d/
a; e
f c % = U QU DU OV Ut vy
0’ B "t AY x BY bx Vi X%
D | fe ¢
A:“o’ua+ UB’VA C:Mc'ua+ UC"VD
A e xR e,
e‘ o = UO—% UC- \,D
A %(7 Yo~ Ya X< o
>X




Prer 45 locding, the pale belaw bus dmorsions Im x O,3m. Under lead, dhe dote defoms as duwn
balew. De%rmne%empmev‘de&s&mnx\—pwr\ﬂq.

y L
N - -~ \
_ P \\ } lmM
Of~< ~ S\ .
O\ \
\ \
\
O.3m \ L Y S
-~
\\ .- - ': Elmm
\ - - (I S R -
A A n % |
to |
S S
L~ lm . 6w
1. Bwm

ex= LU - [Grm=13wm = -6.2x(63
r 1660mm

57=U0"UA = =0O.83mm -Omm - -| xlo—z

Pug= 27, Ve~ Yn o Qom - .o |, Zemn=Omm = _9.5 x 107
TR, 1. LOrren 16O



ay

ax + ou

ulx,y) = u(o, o).»?‘ u
(CV2) Y

d A\/ — U=y + gigdx + %«Am{ smiloc S V(x,xD

(0,8

du= udx +udy =g dxs Loudy + Ldud -3~ \
- “**zltjﬁ’w ' \
22 dt & L ~Qu + \ '
= 2(&\, ax) ! —%:(6\/ ax> \
= ¢, dx+ \19;, dy - v, dy \ \

dv= a\)dﬁ—vé\ld\/ = \a.ﬂo\%*

whidy el , (g roetens, nomall stewns, and shear stras,
. - T ~

r‘lzp&\ Lwly mathon delormotion




ds= duncesB « dusinB
ds=(%dx *%A\DQSG +(§_,;l Ix + %Ay)sm@

sz ds = (3 dx & Qe Y ssd + (D0 x4 o (A" = (" + Iy
& A (AXM ay )Cbs (3xd£+§§ﬁ>sm ” !

=g, 080 + deinBees® + NsnOeesO + eysn*6
o ax

= £,c080 + £ 5’0 + Z:;ﬁ (251nBcas®)

£y = 3 (Geey) + LlocePes?d + 37 n20
The stan stede 0 Ye vaw cosrd. sys.
£y = Leere) -1 (e,-6ces28- L 4 sn20 ) s relckd 4o fhe shen slorte 1 the old
2 2 2.7 oo
S\,S.
%712-(6,—273sz5 + ?;‘),Cas?@

TheR mmmm&rmnaqmas Mmkw&rmas—&e 10 shess
Yren<yrochon equodions: e and THa\j?«.

Syt = _%,.Co;,»« o:p+ i(a,-o:bmszs ¥ TpySn20 € = _‘i(e,g.q) + .;;__(&—&,3@28 + fst-y,‘vsnm‘lﬁ
Oy = _;tCo;»« o) - li(c,-ozbmle - Tpy3N20 &y = .?l_(e,av &,3 -_‘i(exff,;)cnsw - %%st\w

Tey = - _li(d, - o:,)sm 10 * T,yces 28 %%'71 == %(Ez" 5))5‘“25 u %??7“52‘9



N ! ﬁx’:[@@J
D',________,___,_____'c,' and
\" t }Au
D : note A’[ji A0
|
1 veder 1 - magnriude
o\y |
l
———————— ‘6'
A Ax o > K
Uy = Uy, + é&Ax*.é‘.*Jt[ du= U =thy U=V, + %#_A\’Je ?Jx = N -V,
%
dn = Ajdx-véu- du= N Jx+ Ay
ax d\/ o éydy

ds = [ju] (deLortion m 3x,y3 ceerd. SN/S:)
)

I
" L
A dU
éz_\_[du] ﬁf}( ﬁ mgzv%. = Vdu., \du « Ay _ 1y
A # %\){;\% -\‘j—};—ﬁ é):7;"1 7 snQ a’)\/ \23\’ Za'\’ o o
‘ gty
U ) -
(¢ran ix,y") coord. s\{s) %}z_ '\igxg _\,L_l‘}% +%~g%/’l9-%%f
Paaec\’-l'l\e Son onts the x'-axs (nemal stown) - = l%} W,
2

En =N ER, We alR anhy miafns;'ea‘ :)eesrrv&ra? so
we. 1goR W, m@%wm Bs rek

Pmyek the g ente -(lve u/'aams (shee stean) - celeyant
7%- n , E A nete. the transpase: _2!‘4—;‘,\,,:(3;,5 '?\,‘DT_—. ﬁ:,i.ﬁyl

Tn goneni: g':{f‘«' %_%/]: NTEN
Iy ey



Can we delme on axis such Hat, sen the medonol JeBooms the 15 o darge i argle Ge., no shear
shan 5 enky vormal stran)?

48 = As[we] = dsh Asplacemen'
S\n@

8 =E&n gran  rachon'
a

aap‘epﬁp = o — > (EJ' EPI) i"\l',"-o
| €& -&P_I\ =g -Ligh v e -1,=0

1= (€D ; 1,-= M,""M,_z“'M333 1,= 1€\

gv’\ce 3_?; Pﬁwp’l\ drans are knoun, Jhe shans octg o0 an imelmed pane con be aundl using
=N & N.

‘=2
€,° nTEn = E,Vl; * s;,_v@«- f—;”:_ €n 2%
A= gL« e} v 0k :_‘%-: ca

2 T
nk+ny >n; = |

€17 €,76&

\/
*R

l. lOCQ\Z, %:'— 27‘211

2 barte A (£0,-34)

3. lbtﬂ)“ B <9, (i?‘,g\>




With 4he s\-mm-olmp\acawi— Q‘a&uxs\‘u{;s, Q Ae deplacemerts are quen n a prb)obm, Pen we can
deternmne e strans ; (R Hhe shans ore guen, ton e wkrown deplacerents eon determmed . o
the e, m 20, 4here ar three equractions and wo anknawns. T the dipocements ae guen, we
can delermme e mg sans /‘\'waa)ef‘, x@-lhe strars o glen, we conneY nccessal‘\ky
delermine the rebded displacments.

Determne the dsplacements Goom 4he posrion -dependent strains :

.= ‘3’3:7’ eycgj;—_y 7"":%*3‘»’:’2: xy
Fom ¢, and gy:

U= g\/akx= X\/'\'L.(_\/X \J’-‘f\{d\/:f‘+(,_(%\

Btk these. displacements are ncompatble with the knam shesr stean :

Ty ™ g\?*’%\%: X+ c{(y) * ;00 # xy

These clsplacements afe. aven incompatible Wi esdn other, whndn we 2ee R we 4ry fo adlalate
—emm Uaml%:

xg\,=%ﬁ+%}::%+c{&3=xy . %:x\,-d@

u= [ (xy —C,'_(x\)dy = _i,nlz - c{(ﬂy + 00 # xy+ &,G/\

3t . Oe, - &

o 8

S o - I | (0) wnpa\ﬂ\m\ equetins ensupe conhnin by ensurng displacerents o
dz ¥ Xﬁ svgle—AuZ\bcd " >

d2 If Oz



Given +he displacement Qe\al erd s\ain a\\s-\-ﬁlou-\—\on)

woifraptaady  ushayeby ey
W 1s Yhe celetunship among a;, b;, and ¢; Hhok moke dbe de€ithions pessilde

&, gli: Logxy + oy *24,_1\/
ey s ot

3 +ée=m — 5 Hagmsda,+2h, = 2
\/7' f&% LN Cpx

2(20 - cdx + U w o) =0 o [epm2my 5 =l
=0 =6

oyl vapdy  vebaty v bay g dany
M = 1&,’)( - %o + a?_X?'
# 77 xy ?fx\,:g_;l-\-%: 1a°)<7\/l+ azxz+b|y: lob)(?y

ou - Zbo * \o,
a* X\/ y L’l\/ = -dz'}(z . L, A, = (o)

Loue= a,x‘y‘—\o,x\/z V= |oox2\/ Py = 22Xy
ex= = Jagxy -l g=du= b
X % oy



TOPIC 4:
Constitutive Relations



T ewr slody o shress, we dee) with the Lres on a I eur R stramn, we
A ot the e cl/-onjr_s o2 o . Tn each w‘)’m méf/«eﬁexmh

the matend) he \oedly, o Hhese Qaﬂm\a.s ar uwhid for all mederals . Ru we know
(—’runotfeﬁm%s%msma\ﬁmnm&\a\a%ea& othel" —dhese ace the constrtichue,

e.qw\%ans )

Most E"S‘“efn'_‘ﬁ Made ik Blostemeric (%M3 Moter Cernmc, (lorritle) Maderial

6 o o
/ b F n N
A
/ F F
/
/
E: K \/ourﬁs medulus
I/
/
- >¢ >€ > €

(AB Linear itk shpess 18 a (near Gincon oQ sran (& =E£3 wp o Yns pom‘t' 6eyorv\ ths
port, von-|mear efect emerge.

(B Elashe, lumrt: 18 the wodena) specimen 1o loaded bew this it and then clensed | hen
e wudend specman relins o s unstouned e (£=0). T8 heweser dhe maena)

specmen (s \osded \oe)brd s ik ona then MW,‘H’% »\‘le medena) specimen
does Y et Yo th undefamed e (e20).

(F) Faluee: unwrkl\/ | & vodenal specmen comot hardle. mo low\mj ard. uptures leaks .

unlesded ) unstrzuned
stere
d
%
1
£y Y %
&
—, |d—¢
1, 2
A > )
— T £y — 7
& Oy 5,
|cvo\M5 wth o \/teU.s |cw\ma with, o \/leU.s lmo\mﬁ wth o \/te\As

= \ou—\* Ao gy ano\ €, e,' ) )ou-\’ Aso €y ana\ €, €, ) bu—\‘ Aco € and ey



Poissen’s axho, v, accounts o the fect vlere an expansion n ae direchion lesds 4o o
Ca'r\'r‘ac:\'ran m the pa{‘pomllcubr‘ Airecton.

Losding by ox Losdig by 2 Losding oy o7
S &= % -5
6\,:—\7&:-\’% exz-vgy=-v% ex,—_-\)gz-_—__\)%
& Ve = VE €1V = v, € 2ve, 2 v

,<,,[z:c v (&~ )] €=

‘E 3 2 Y
Tn Yems o8 o (6):
O = C0-2) e, + viex+ey 2]
(l-‘—v)(\-’z-u}
o, = C0-2)¢e, + vy e, +e)]
! (l-i—v)(l-Zwb o
5 = E  [0-20e + vievey +,)]
(1+v)(1-2v)
PO
|
du= ¢ dx = (1- Casyf\o\x %
P
! k’t-)aos?;“l%l snee f, s small
dx%ol S Ex20 oA syans Jo vetr oRecke sheat ghromns
Ty Lz, Yo > + T = LTy,
G G G



3D Teoropie Censttintive Relaens:
Nours|'s modulus (E): measures medena)

YO’,’] B2 DN )y 0 o 0 (& reslance o rermal leods.
& A 2rA A o) 0 o ||& Shear mednlus (&) measures medene)
resistance s sheat loeds.
o, X PN B+ 0 0 o |le,
= Bulk modulus (K): measures metena
T o) o) ) & 0 o ||# fastonce do hydrasterhe loads.
T o 0 0 o G 0 /. Lamé’s lsv pamme-\e(‘ O re pk\/.ﬂca\
wrtenpretzction . Simplhifes dastia
:l;vl L0 o 0 0 o ) JLZ;,J medrix. K
-y y v o) o 07(&] @G- _E K=_E
2(1+v) 3(1-2v)
v Y v 0 0 o [|e
A= vE
v v v 0 ) o ||e. (+)(1-2p)
. _E
(x)(1-29)| 0 o) Y 0 o ||
* O¢Ecen
o o) ) 6 l;fl’ 0 (|7 “leve Yy
Lo o 0 0 o Lk JL?{,J

Rebams wiehng fre Bl 30 consirlchve equotens ae en Aol o sdie Lidhont the
wse ol chl\\ tods. Cordrions R ple stress ad plane. st dlw the alysis +5 be

s\mpl(@ecl and\ arplteA o 2 Pr‘o\dems.

plane. stress: one dmension muds srller than she ather 49, hin plate , thin colled preswe
UCSSQ\J i dwsk | oeasS. Al leoding s in the pane.

e.» L, -ve, 6.= _E _(e,+v ] ([E  Ev  o)fe
~E » T &) " N

e, = L(eg-vo; 6,= _E_ VE — | (=B E 0o
e ,D L B (&g ’ [ “
=z Ty = Gty Tyl Lo o aln
in:—% (o;-a—é';,) %‘L—_ ?:p—z.o 0‘1-_ 'l;n: t‘ﬂ =0

- ez




Constriutie Equahens:
2-\,[@2—'9(077-\'0;)] i.y:
E
T g ™ b gTe K Ty

Phne. Skran Condrhiens: ¢, = Y= %O
[~
K-E[q V(&) eyz_\éfo;-v(o;*qﬂ gzz_é[o;_-v(o;c*a\;ﬂ

2 x \/
(o] (2}

Twzé‘_’t’w %:étw& %‘:C_\g‘tyz

‘ T..=0O ‘ ’EYZ'ZO
Sdestriute 63=9 (0, +0) o €, and g
€= L(g-vley+vlom+od)) = [-v* 65, - 140Dy 5y 5, = ((-Dex +vey] (O

E E E (l-w)(l 2v)
sdve Cor
£,= Loyl +v(m+a))) = - (W6, + =V0, | 05,0 %y | 6= E  [(-We,+ve] @)
e E ~ E ” Y5 { Y (l+v)(l 2v) &

P> & 1= Gy
Maodrix Form

{cr,] c [l—v v o1 .
ol 5 3
S COED! DA ]
Sdostrtide (D) ond (D) wh

o= VB (ec+g)
© (+v)(1-2v) =



plone stan: ane. dimension much lapr #han the other uwo: Julks chalblc arder pressur,
\'E-l@mrﬁ s ar Jams. Lm'o\\v‘s & comstant (or nearly 2 mAhe extended Amension. The
stn Sn Ye exdended dimensien lnsgnvglm¥

= I—\)z ‘.L €, = l—v'l- 4LO- = = = -
€x 3 (6, -v 0_7) Y ?(\l v x) 2’,‘7 é‘—'tx-f £ 7-‘1 ?\,jz @)

E [(I—\Dax + Vf'.y]

= Uev)(1-20)
E N & v v offes]
Ciﬁ(l-w)(l—hbm—v ey Ve oy |® £ O
(+9)(1-29)
Try= @y [Ty LO ° &l
% (\w)%l—z\;)&x“y} ) ]
: 4 Va4
2& I L AK‘
RS NN CNENIEN )
\SX
P17 T T
cu

Guen —\Jnc -\-‘mr\ P‘a—\e wr“n -l%e A\vncnswru am\ Wvﬁ@ﬂa\ pf‘ope(‘-hcs sb\awn \oe\dn) , resporse. '\-ls
appied displocoments | (et ar. the imernal shresses 7

U= 0.lm

v=20.3
L Ez- 9kt
bl e
U= O",,,\__3| LMS & > SM
Im T
conghithive egns.
sdition poth | “
0.5m steun-disp- egns.
h - N
— Disploceman's ~ Steun
é B \ cmpa&-l‘mlr\y eqns. T 1



C.o6n= B (ex+vE) = Mkba

r l"‘ z

u

v
5= B, (gved=-dih

Given +he Cpnewmg stress Beld b constanks o and b, defermmne whether dhe stress
Astriboution  repreSent a solirtion & & gane. stran proolem.

q}.‘l\'lloﬂul'\ e1ns

(o [y + b (x2-y)] - Lokixy o 23, >[ste]
S= - io)oxy 0\[’){" - \o&z—\f‘)] O 5":‘: eeh J) w:m
sten-dp s | |
| [®) (@) a\\o (x2e y’) | % corpoblally e I{%’

Frst, ve vush ven® that S cepresents an equbbrum ghress state:
TR « 9Ty + 9T . 2ubw -2k + 0 = 6
ax  dy dz

We apPly-\-'r\e eamshtutve esquections o plne steuwn:

e=l—vz<o--_i,0‘ gz -Vx _ V& ~\T
r E ® l’\) ’) y E Yy |,\) R 71(7 6 *y

1L we wih do derermme Yhe Asplacement Qe , we gy Qe uean c,dhao&r\'\\o\l\'\\/:

Se + 96y - I = 2UeNBbv-D) 20 comprtiblity vobded whss a=06,
3)'2' ox Y G but Hns w_z\zu\d meen S=0.




So &, toe have wrden concirinthiue cdations Sor dhe specn) cose of am 1sitpic. moteral s
howeier, sther constrintive celatiens are gassible. Tre \oropic velahions come with certan

symmedry assumphions. Lebs cansxéer-\lmcmoﬁ-gelw\ eose (o msmfri-vonﬂogmamm\c

or commmnaction perhes imdn e x 2
e Aot G ez festry .. e ;ZY U

Qo‘\’ og work ) o \1

r'1—\\ Ci2 Ce Cru @ Cip Cy Cig Cy|[&x]

g Ty ’rx,_l eads C’l}, S A w\\ \ofbpef‘\'}’ (e.g-, E,GL‘D ¢ € 7y %2]
a/ =
{ Ty L

Ca Gy Coa Cs  Cy Coyp  Cas

£
£

Cone
Ca  Can O Cot Q35 Gz Car e
Cyy

Cys o Gy S
= |Ca G Gy Csu Gs Gy Gy Csy

Cat  Sa Cus Cot  Cos  Coo Cg G

(L J Can Ca Cas Cau Cqs G, Coy Coq
—
3\ wdeperdent mpdenal constarks

b Ve thet »Goreqm\tbnwn, Ye oﬁ,’-aw shear shesses musk e eqtna] Yo each dber
(e.g.,‘i:,v-:’”,b o ot the stress stee, S, s A symmetne tensor. The strews stk £, s dlso
syme*rlc-%\s means thert e T, gz,wdfcw\ equetion are dertical +o 4he Ty Tax , @D
Toy eqw-\ﬂms.'ﬂxem%@ we con gek Nl L the Yree "extr! eqm—\-rms.

& £ & &g ff
EX

Q‘* ) [.C'n iz Ce Cu Ce Cio | Fg*’!

6x7 Tew o o Cw Ce G J,, ﬂﬁ 4n) (&
a e Cm Gy Cw Cas G Qn Gy dalley &, Ca Cn C’L'B Con Coe Cw QJ’
G| lea G e Gn s G dn e dylle
To| fem Ga ce Cw s S dn e e[ a, Cau oy Cas Cu  Cag Cz || €2
Tal=|Ca Co Gy Ca Gs Gy Gy Gl|gWd O =
Tyl fe e co ca sl do G |y Te| (et S e Cya Cus Cuo||
T, ¢ —t P2 — P
7. S S S S— ” Tye Cag Can  Cg Csy  GCgg Cso || Y
e B o e e Ty J

T 8 vekpodot ool consorks Dyl e S C@ Cau s i‘,"-‘ [Tl




Fram energy consdleantions | Ahe - o) maderie) constomts musk equo) (9., Cprcy). Ths
Luctrer redwes 4he rum mo\e‘oefwgleﬂ\‘ constants. “ ’

» A [~ 1
Ox [-C-u Ciz Ce Cu Cs € || &x
- - -
O [.(-u Lo Ce Cu G || &x (II Cre C’?—'L C’n Cose C'zs C% 6’
57 Ca Co. Coy (& Cos Cop <y
Gl lea @ o Gw s Culle (a7 Cg Cn Cm Coggplgglg, || €4
= = -
Tl |Ca G S Sy Cug Cwe
s Tp| |4 S Cy G a0 || Yl
Te| |Ca Csa  Cg Csy  Css Cso || Yo
F»/J Co Ca Cw Cw Cus  Cuwl|fy Ter Cis Cas Csx Cys  Gss Cso 9’,(4
2, \neperdeny marerd corstons
Ty (G Cu G e Cy G [ 7l

2 \depardany medenal eonstants

PkmoQ s\’mme-\-fy: ;ryic\;’r:\\ e 18 e <ame m—l'l'tmglml ad mirrored, ceordinate.

Let the 2-plane be & muvor Plane:

NN

YA mroe

’

‘ x' I o ollx*
| /%a vl el [O | O} y]
ik ! O 0 -lz

r -
N
Il o Olf6x Ty Talll ©0 ©
g'= N'SN= [o ! o][fcn, é;’ z,,}[o ! o}
O 0 -lTe Ty &5JOo O -

noher we ar Sy Pe ongineenny shear shrain
- @

. I o o %! o o
£'=NeN=10 1 o][yx, - 7n][o | o}
o O -l 771 ?‘n &)l O -l



ong\m\ coordmaves »?ully onisstrepic. madeliol primed coodmates

6] ([en ¢ o e wl&] [6)] [en ¢ o w s n][Ex]
| [er ea  Cu G G Culle, G| (o Ca Ca Cu G Cul|ey
G| |es e e Cw G Cw|lE| |ow| |ew Cn Cw Cw s x|t
Ty ] Cy G Gy S Cus e[ Py Tyl |em S Sy Sy Cus Cue||
To| Cs G5 e G s Gl [T [es s s G G cal| g
Ty Lo S G e Gy ) L'ﬁ‘j [Ty Ll S S e Gy C’“J (% |
{sa‘osl—rl—u-\c prmed sh?sseé/skm\r\sPJ
Ssr 4he orgira denms
{-mvxs?a‘ O sgns o He
¥ / cpete mgg\dm\s N S
(&) (a0 e o w ¢ @wle) [&) (e e o Gu G ol&]
& [ a Ca Ca G Cul|gy o [ a Ca Ca s Culle,
a _ Cg Cn Cu Cum Qg Cy|| & o _ Cg Cn Cuy Cum G Lyt
T ew el fu | [T I PSP - e
Ta| |Cs Gs e CGx Gs Caofl G| [ Teleo)| sl o G s Caa || Y
N N O O 2 1 I I (- B P Sy SV S A v
J

the vedena) 15 the same any ccodinate system — vaw o et dum  lesd mle obl
\oy o coodineye ’\'W\S-Qaﬂ"%\‘\a\l Cd&equexﬂ‘l\/,—\lrz com‘:aven—\s R e ebshcr\t/ ma"‘Y‘

n Yoth the prmed ad ongmal expressions’ ausy mateh —cg=cg , ten ¢y
(&) [en ¢ ¢ : 6 o0 <&
&| [en ea s O 0O Culley
G| |% Ca ‘s O O Cyllen| z-pane oQ-sxiv'v'&fy
Tel |O O O “w s T
Ty O [8) e} Cye  Css O || %
'E»,J ¢ C% < O O <ul j;yj




Let dhe y-plane be an additions) mwvor plane :

v
A x! = X Y'=-y 2'=2

mirtor E‘J [' O O|l*
x \/’ ~ |16 -l OJ Y
z//—D ;/ ! O O |z

GO Oyroy  Gp=G Tyt Tees T Bey=Tuy
E T8 Eyny & =& 72 = e bz = I Txy ==y

ongma\ ceordimaes | z-plane OQ‘sxde’fy aneA coordinates

(] [en ¢ ¢ 6 o wwlle] (6] [en ¢ ¢a 6 o
&| [ee ea e O O cullgy | [en ¢ ¢3 O O
A O O il G| (¢ Cm Cw 6 o
Tel (O 6 O “u % Ol Tl |0 6 0O “w S
Ty (s} 6 O Cg G O || % Ta| | O 6 O G Css
(Ty) Ll ¢ @ O O <ullfy] B lew < @ O 0

_{s/«)os«l—rl'w\c pr‘lmeo\ 5{1?sseé/§rmw5P4|

r erngina
l—mns?er A sgns Jo dhe

| /das-hc, cseRraents, ¢ \ .
(&) (en e % o6 o wl[&)] [&] (a0 ¢ <. o6 o
a9 G Cn Caa O o Cow || € a¥ Gy COn Caa (&) o
G| |ew Ca Ca O 0 ¢ull & | |%n Ca Cu 6 o
Tel |0 6 0 “wu s O[] || 000G Cus
Ta| | O 6 O Cg Gs O || % Te O 6 O Cas  Css
Tl lew o @ 0 0 culbly] (ol ew w00

()
o |




(6] (‘-u C2 Cg 6O O o 1(ex

6| |9 Ca  Can o o €y

& Cg CSun  Cu O o € w 7 and 2-plares &
= syrvme*(\‘/

Tel [O 06 o© < O Y

T O @) O  Gss O (| %

Ty LO O 0 0 <ulhyl

Too plones ol mvdens < mmetry im a\-l-l'nm\, in odhetropie. madenal. Nokee
the QM)B(‘ corstrunction \Ze—]ween -Jheplyo&ow{ o\ mtc corg\'(-l:l:lfoe, eplum-{'rms.



TOPIC 5:
Problems in Elasticity,
Part |: Airy’s Stress
Function



Alr\/'s Swess  Funeten

3g= O, den dere s o thrd
Lurcken Alry) sudn thate C=2b and

Fram s s quen 4o Qunchions Rl and alky), R 3+
=-§g. ax N
A\/ K

%‘5«-;&»’«5&'—0 3(:'%—(1)&&:0 lQ \oxz—-g_(j

gg ——
;)_; %3 20 eqmllbmm eqwr\-bns
A=
ézg -\-é_g')c +by=o é} % Q(O'I—UB-;O l2 k7=__éu WEY
c ¥ = R T
ot % dy
ox AY

From the Qest equation, M,Slfﬂ-l-lwe eddeulus thesrem and A as thd Qinetion'

o;—d=§_& T.,q=—é_A'—
N %

Fom e second equaken, using e ceenlus thesrem and B as Hued Lunaton:

— 2'56 __u._._é_g S ég-&é :_ée-—- =0 'll’@\
Lg\, 5\7 O-Y e LSS I ﬁl S'; ? )

Y

Since. T,y 19 \dentical :

T > A Q)= =) = - :.é

Ty = Ty §,;+§_(rs)o Agé;qg,&;%

%& =%L5 s s gust e coleutlus thearem all aver
x o

n! wh £=4 and
g B, o, sz, b (A sieess Bunshion o e ek Gockion.

CoiU=dB =% o U=Bo 3 Ty BB K
% XN S\,%-J % dx :)%- e Ix e

Aoove., & onbj occeunts Qor equl(dmum egns. New rwelie the. eanstrivchue, egs. do o Qrom icess
Yo shaun.



= - = L 31 - ()1 -
Ex Jélo; V&y) E(A_;«E vj;i;z)»f%u

€y (&,—V&): é—(%‘yéﬂi)*l;yu PW stress

1
E E

= 17 = U 5, = 2(1+v)
R e

Now , we. substrivte these stuns inte the comfvd-l\ollrly eqn. %’% »%,%/zo
bi-Yecmenic equeshen

Vh=9% +d%+2 0% - ()[4 9] Pare eress
4 oxt vyt 7§7 V_o‘\x‘ o* ] L
w +__3)+15"<b—11vc)ﬁl_ L lare, et
i 3_3‘ I hedy <‘”>,&x‘ 3| B

T8 Uu=0, Len the \olme steess end p'owe shoun definrtions convee :

\V/ £ ¥ -0 -
- %ﬁ &4::,15;_&7_ (u=0)

Degree 1:  b=ax+ oy

V'd=0
5,2 9 = 0 o, 9% = 0 Tyy=-98. 2 0
a\lz K S;it ’ éxéy

the tnvd coce thee o load
s applred




Degre L &=aX" 4 axy + agy°

V'b-0
(Sx:.éi:?d 6332‘324 :——3—2&'2’
ayz 2 Yy A-—);% ) txy éxéy Qe
7y
| 1
-
) unRorm loods and dress distnbucions
ol — are  repreerted
e l—
Lol

ODegree 3:  §= a3 vady +amxy +agy®

V-0

6,('552 = 2o, O"-’—sz '::G;l ¥ :——3_2&.2_1( > 3
3%; X+ oayy Y Sﬁ a,x +2a,y Ty éxéy G} agy

~K

A

— = — -—7,}
b levds ond stress dstrlantians  wieth
' ; . linear venelaltty are cepresoried

74

a4t 05 a=a,= O

Oegree. 4: = ax'+ apdy « oy * oy’ + agy*
V% =3 (3a,+a; +30) # 0 coePriaents must e celrted

Let a,=-3(a+ ag) S &= a, X'+ oty -3a,« as)xz\/z X a..x\/s 4-457“



5= & :—(o(aﬁas)x‘*(oaqx‘/“' ogy*

Oy= §Z = lZo«,x"*(oa,_xy—(o(a‘+a53\/‘

k)

3%342» = -34,% + [ 2o« a_;xy -da4y*
Y

Detormme. the bending stress cesubting Gom applying bersing mement M, 40 hin plote, o
untk Hnclaness +. User%«\,'s stress —(-)L:?_-Hon. R 2 f
3}

- Y

MCLé?/ } t.. \ii;w m»\ L..

4)“‘- a,xs.\-a?_x"-y x azxyz * oy

o;:)z - s Ga o = 9 = bayxx 20, T=_ de = -2ax+ )
75?,% Hasxx Gy Y —3—;2 ) gl 5>:§§ ax ¥ dyy

The mlolem \V\Alm—\veSM‘uve a—\e\ssulo '{-‘QJ—\O ue \ .Tp\lsmmslffal‘
(’z:,q-fo) anrd oy = O, s mgmi\»m helpsde:s eltwnmfe seme aens.

els

0= 0= 0= 0 sk Ty=0 ond 0y =0 R 4l Coy)-Thus:

6y = oy

To defermme g, we leok 4o the \mAnrﬁ,M. The woment due 4he wlrﬁ stress mushe
baance the loadna).

l/\é "‘é

+
M’-((O;dm\ﬁ j f Ux\,d\/olzz Q%‘l“f\/"a\\/ = Lla, > S eys mMm
b2, 2 4i#
% "%
O‘xzfoaq\ﬁ Q;My e—ﬂ,\, T.--_-l—b? o momen—\'eg inecten
413 T F'N o()—mc\orgubrmss—e&m



Shew ek the momenks ot the M,MKM Mt) dve Yo vormdl and 5L\eo/lhj lasds  sum
Yo 260 M _accordance wih equlibrum mquu@nen’h. Use e polnomial Aury’s giress
o degyfee. Lour

b= apt+ 0,8y + Ayt + agxy?+ ogy

4
Vu': %%; * %‘;ﬁ + i_a_i__%z = Ma, + 1og* 3o, 0g = _,i_(:),arl—o@

b=apt+ O X + QN + aqx\f— .é-(f&aﬁo@\,t“

0N=04= 0‘3—‘0_} ay>0 :/\
2 2 ﬂ \[-l-q) SlJe
o;:%’;g: 20,X —t—(oa._,x\/—"l(za\—w@yl:(ooqu e ——
1
6'7 = % = Iﬁa,x’-+ (aa,xx/ + 7.6(3\/" =0 %\ 1
K
o > %
2
'E’“’:-_A%% :-(30\2x‘+"\asxy *Zaqyz3=‘304y1 1 \} :%
& A a4 i 1\ Sl
MD‘I(O‘,AB\/ = f g oxY A\,Az. = OAq,Q*{%yldY: oyl '|'=l¢‘\ —_ == /=
oLy L 2 NboHeom sde 'tms\'r\' sde
< 2 %
Mo~ (B L+ [yt =~ B Y dxde - 2, )(‘” Q/\,ZA\/AL
top-lotem  vigt §

-.3 24 Y A
_-Z'_aq,H[)Ax —Saq2+£l/zy y

= 3,0 a0 = _ adl
TR ﬁii

M‘., M‘t= 0 L. ealwh'or‘lwn SA*\SQKA



Consider e cantlletes \oeam belaw | whids hos a smell nckness, + Goen the p lead Y, cesting
Leom o dear load, ddemmine the stress distnbution and displocement via Airy's stress Binchan.
To 2lert, assume on d4h-onder \ooh/nomle«\,—\%en odd corections os necesson).

Y
Fy
R U‘/
k/z ’[
X xe—
k/z ,
— ~—
L
4)": ox?+ o\zxgy * 0300y + a4+ o6y
V'd'=8(30+00¢300)=0 .. og=- L (3axa)

§'=ap+ 000y ¥ aglyt « agxy®- L(3arag)y!

6% = ?;j’z z —IQA‘\,‘L + 20\3641- lyz)-"(OQqX\/
oy = 3%- = |20, +C°0‘7.X7‘ “‘2"\3\/1

Ty = = 92 = - (Bt + dagey + 3agyY)
Iy

The syslerm with vesubtant +hp leod Uy 18 in sheas; hever; we dlse expect imeanal berdig stress.
No o5 13 applied ar expected o cesdt Rem the lwAmjz

6y=0 .. O=8,=204=0

Ox = Gayxy oy=0  Ty=-3ay

No deas1s spplied or @¥pected do anse, on e t=p/botem ubezs due o P roveted leadm 5
‘napeuerse-\rhrg 2y=0 Wil st m $*=0 and elminare 2l siresses. Le must considel an odd ]
s¥ress n:

4)-;: \o‘ Nt \D.:x"[ ¥ \osyz

U'd-0

0‘)‘= 1\‘03 O'\Ifib\ ’C*Y-:—\o?-

S %= Gagxy + ik, oy = 1b, Ty =" (Bay* +1o,)



6,=0 @V'—O (nevdra oxs) J. =0
oy =0 @\/:t b=0

Toy= O @\/:t\_n_ —>-{%\E+\oz]=o D oay=-4by

ad

»

vyzi'cx,AA=\ozj+{%(:‘%y" L

by,

i} -.3 2
w0 e

Le} us now eonsider the displacement,

ﬁx-o\ = Lg-vop) = -_Lx\/ AxY

x E Elt

z,:j,; Lsyvo)= vx\/ Bxy

E
Im= 3_! ﬂl*—v)uy-—_’:&ll"'v (_‘l\, ) S\,"-\'E

\?l:

= gg*d\y :%xz\/ +£(Y) U:gi\/AY = %X\/z’\' Q(XB

Ky 3!\;-»3: c;tx +Q(\{)+&y x40 = dy*re

')+ dx+ Qe+ (B-S\y = € we. have. tuo Lunckons n X , espechively that-
3 2 \\/_—(3‘\_?1 sam—(—emcms-lan"'—nf::{oreeodn MMuSY\"\ae

e % oure v equal-\—oa\cmM

g'o«\»rgl\_ x*= ¢, L) +<%—é)y2= C

5&):-%5(3-»6.)(4% .(—D(Y)-;-é_(%-é)\f—pcz\/—l—cq



wn= jX"\/—é.(%as)\/sd'Cq_\/*Cq

X Aisplacement \oow\dm\/ eondrtons
delermine wrl-eﬂaa-qom constants
U=%xyz-%x3+c,x+c3 C,,--.,Cu

wll, 0= C4=0

2 E 250 A\Splaaelhew\' &t Q\x@\ ‘oouna\ary
\;(Jz,o\u%,? + CA+Cq=0

| =-dA+C=0  depe vanhes ot hved looundory
aX (1,03 9—

| =as+¢, =0 no colehen ot Qixed loundacy
aylu,e 2



TOPIC 6:

Problems in Elasticity,
Part Il: Prandtl’s Stress
Function



Sont- Veront's Theery of Trson: of o pesmedne elemert R arkikony crpss-seehton wrder
torsional lood, eodn ermss-sechton votes about the 2-0xs 08 & gk losdy G, ro n-
E:m delormation /bape e) and all imss«sa%-lms defom (e, wap) arr— - plane m

gome . Ao, e angle of atation of eadh cross-sechan 1s \mm[t/ ceportonal 1o
Lt @9 3
ds posrhen &lana 2-001S.

QT
2 — /:—,<—>B=Bz,
y [P e-.wg\eog—rb‘\'achon
x L[] prde sy

N |
rele@nee ] [
lne Qixed and

ex¥erna mr?v;«-.e s Ty *1; -----------------------
Xroexion - Sree, &t

L

o o Gog
cankrod),
u= OA'es(a+8) - Ohees &
= O cesd o3 B - OR'sing sin® - OBees &
= OB'coc & - OA'Osindh - OBces & = - Oy = -Ryz

U= OA’SM(A*’&)' OAsino

= O ano O + OA'cer At san@ - OB sind
=R ang +OA'Qcr & - OB sind = Bx = Bxz
W= (3, ?(x,y\ 91()(,\/3: Wanping Linchon



Fom Yhe A\spbca’bn%'-ﬁe\d, e pr‘oc.eeﬂ\ —\Jl\fwgl') e Tt Awgrvm \oegmmr)j wrth e
cdedlation o the strans:

3;,,:%94—&1:-@“»@1:0 ?‘xz=%g+%§_:(5<—\/&ax) 7\’7_:(3_\:,'—\-%\"4)'—‘(5(74—?%}!;)

Whv»ﬁ inte e censhrtichue. celedions owes Yhe siresses:

O = E  [0-2We + viex+ey+e)] =0
(1+v)(1-29)

A
}]

E LO-2)e, + v(ix-\- -t-Q,,)] =0
(1+v)(1-29) ) “

_ B [0-20)e 4 vlexrgy+e)]= O
(1+v)(1-2)

QA
I

Ty > 67')(7 =0 Ty G, = G‘S('\/-\- %j’lx) T, C’Xlz - G@(,( N %yql)

Vef\Q\I 1P equ.lh brium s meanteaned «

A +é;l:ly-\- ’Cx+%o=o
ﬁ o % . mwt\ymsﬁeal

£ 3Tz +bf =
Fo ey g0

é‘C *étz 36 =0 +éz =0 ede lce's equection l/dl'u/) condeh
e I SR S g Sl e

We've gone Leom Ausplacement Yo straun (campaé-\\o\\ﬁy aomatiealy whisPed), Lom, st +o
sthress v the constriutve cdachons ) and Qrmuleded “Loapoce’s aquedion m ¢ loy enbors
3wll\of‘lum. The parhedlenr bumbxy cordttiens £ the p(b‘blem wil setermne the s\oca—?m 'ém

¥



trocven-Bree. sufoce

) O Ty Tyl M O O Txw|™ /
o 2 Thle 2 s st

-
3 x =-yn,+xn7+§¥n,*§:~,yn7=o

=—yn,<+xn\,+§ =0 Al B
n

v%%fng\%g qhent V‘Y""”éi“"**?f”fﬁ m«hmo¥3mha\»

narwal  oxis

For an aeratwe expression og% Q)C», we vetun Yo —\-‘neegtwl\\onum equor\'ror\s:
ITo +dTye - O asun«\l/zcaseagﬁtr.ssﬁmsﬁmd-lon we cn
x j‘_/‘L JAS\‘ne.ax nehien | 7

'En’gﬁ anA’EYL:—& where & 15 Rarndtls ghress Linction
Y o

wprl) ey

Cmpah\olll’cy (le., displocemeny cm—hnw’cy)i % = %

3&; dTa :-(&_Jz %Jb) 2G@+ %Lﬁf:l@p 3_%,,%%”1@,@

=0 &
wa contmurty




Naw,we, e-wrie. Yhe BC 1 Yems Y 4>:

T.° S?\‘—'-T,ﬂ Ny + Tyahy 2 ?ﬁnx'é n7=O
> e
Consde e varaion o8 Prandt’s siess Suncken en bendavy QCSBH‘F[X(S\/\;CS‘)], then:
3 =9 )
Poghy sy
=g$ny—§$n,=o

3_??-0 - 4‘—‘6045‘\’

n
n X "] eness -seclion
nﬂr
S

Snce no constant 18 better
en onether, et 4=0. {nf [2)lA) cosla+ 92) = -sma = *g_;t
S

ny = 15114l cea(a) = i\z
<

T= 1”4@ apphed Yorgue



Ue Prandtl’s stress Q«Am-Han o determne —ue ég o og— o ffswvrhc o torth
A

caremlar  crpss-sechion. Plot the convesponding stress

(it
zxz=%$=-ca(s\,=c;p<—~,+%@ Tpe- x:e@pe(g(xw}fyp)

%i%:o W:fﬁa\,@?@ %%w np=%q[za\y=2®

POy = gly3= £ = const

'En=—G€>\/ Ty, = G@x Recad\ Tn;ndz o2 compements &R Ve
Qress Uectol” giress tmachon.
't:)‘l ,C)(Z ’t'ﬂz.
T"‘Jt}&"'t"z % —LX T
Y Tty To= | Ty | | T2
o, 0
2 0,=0
N N
1]
o e e e W ]
[U S ITINN /L
////««\\\\ T >Tya
TIPSO,
' {
(
NN NS 7 A S !
NN N~ 7 7 A |
NN A e — - "“"'"“""'"“"‘5"]

=




Ue Pandil's strss Quinchion Jo determine the ' o ob wotte, oo with
convex squae csess-section. Plot the ms,maun@wm &:\CH uay

y= -{a’-\—cx"

Y

1, e
e AT ey " e

//\
y= -0+ ext

X+ a@a—c_\/z: O ledy \{+-{a&2+c,x’-=0 loottem
X- a@a—c'_\/z: @) mé,r\' Yo-(mzo +op
g(x,y}:(x-\—-{a@a—c\/z)(x—-{a"a—c\/z)(\{{--{aﬁ-c,x’-)(\{--{a‘a—c,x"-)

= (R~ \,")(az- X2+ )
4; = lfv(i(x,)b= K (e ex*- \,“) (-2 + 6\/2)
sjz * _5_43 4ot (c- D)+ 2 [1+ e -] (eyt) = - 268

[+ele-6) =0 S e=3%242 Prandtl’s methad anl Laerks (analeh -Qn' certan
dbss—sec—\vns ok\'rm\se nwv\en@\x/ solue 'U(P 0.

5_41»(5_43 - 42 (c- l)——lc,.ﬁ iy b= -_G
2a%(c-|



Tyy= %%[Z = 1!4\/[0*(?))(7" Leyt-at(1-A)] = G(&(o\/—\- %Jpx)

2 = Akyl(+eIx*- 2oy - a2(1-A)] + S Gy = xy e Akxy (I - Goy® - 36 (1-0)] + By
. Gp L Py R S GE !

Ty =- g% = -lkx[(l%"\/’-' 2ext-ar(1-0)) = G@(x x i\J\lﬂ)

_ _ 2rxl(#e)yz- 20x2- a2(1-0)] - (x ) = -y = ARxy [+ W2-Gext - 3a2(1-2)) + Q¢
g_\q;_ x\(+e')y G?% X YOs,y) = -xy , ~3ap x)

(Y (X)\P = ,i,'_{'ﬁ U +c.(6+c)] (xz- Y")x\/

e AN
SO SN Y
~
F T
A
AN
A ANNSZE A
S NN AN
A AV AN ~ /P AN
A A I e VA AN




TOPIC 7:
Problems in Elasticity,
Part lll: Axisymmetric
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TOPIC 8:
Work and Strain Energy
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Indicial Notation and Summation

3.1 The Summation Convention

Einstein summation is a notational convention for simplifying expressions including summations
of matrices and tensors, in general. There are essentially three rules of Einstein summation
notation, namely:

1. Indices repeated within a term are implicitly summed over.
2. Each term must contain identical non-repeated indices.
3. Each index can appear at most twice in any term.

Rule 1 on the above list can be employed to greatly simplify and shorten equations involving
tensors. For example, using the summation convention, the dot product of vectors u and v is
written as

Similarly, the double dot product of second-order tensors A and B is given by
A:B= al-jbl-j = Z Zaijbij.
i g

In the previous examples, the number of indices in each of the components (e.g., one and two in
the case of u; and a;;, respectively) indicates the order of the tensor.

As an alternative to the matrix notation, y = Ax, including Rules 2 and 3 allows the a system
of linear equations to be written in an alternative compact form:

Y1 = a11T1 + 12T + - - + Q1,7

Y1 = a21%1 + Q29T + - - + A2, Ty "
= Y; = aijTj = Zai]’fﬂj. (31)
J

Ym = @m1T1 + maZs + * * + Qmn Ty



where 7 = 1,...,m. Moreover, while the expression y; = a;;x; is valid, the expressions M;;u;v; +
w; and Tjpuy + M;, are invalid because the index j appears three times in M;ju;v;, while the
non-repeated index j in 7Tj;,u; doesn’t match the non-repeated p of M;,.

Rules 1 and 2, in particular, describe the separate treatment of dummy indicies — which appear
no more than twice per term and are summed over — and free indices — which appear once per
term and are not summed. In Eq. (3.1), 7 is a free index, while j is a dummy index.

The great advantage of using the summation convention is that all quantities in an expression
become scalars able to be manipulated; (re-)ordered in whatever way that is convenient, although
care must be taken when an expression involves operators.

3.2 The Kronecker-é and Permutation Tensor ¢

When writing vector expressions in the summation convention, two tensors appear so often that
they are conventionally always given the same symbol: the Kronecker delta, § and the permuta-
tion tensor, € (syn., Levi-Civita permutation symbol, anti-symmetric tensor).

The Kronecker delta is a rank 2 tensor defined by:

aij:{’% J
0, i#]

and is equivalent to the identify matrix, I. In an expression, it has the effect of replacing one
index with another, e.g.,
u; = u;dgj,

Cik = 04jajp.
The permutation symbol, ¢, is a rank 3 tensor defined by:

+1, 1jk, even permutation: 123, 231, and 312
gijk = § —1, 4jk, odd permutation: 321, 213, 132

0, otherwise

where, specifically, even refers to cyclic permutations of 123, odd refers to cyclic permutations
of 321, and otherwise accounts for the twenty-one instances of repeated (equiv., absent) indices
(e.g., 112 where 1 is repeated and 3 is absent).

Recall the vector cross product written as the determinant of a 3 x 3 matrix:

~ ~ ~

17k A A R
uXv=|u u ug| = (ugv3 — uzve)i — (uyv3 — uzvy)j + (uve — ugvy)k.
V1 Vg Vs



This can also be determined using €;;, as follows ¢ = u X v = ¢; = g;;,u;v;. For illustration
purposes, let ¢ = 1 and consider every combination of j and k:

‘@ :Zzguk%‘vk =M£M£M£

M£M£5132u3y2+...
0
Mvg €123U2V3 + £133U3T3"

—=U2V3 — U3V2.

Similar results are achieved for ¢ = 1, 2; however, the effort is greatly simplified in recalling that
ik = 0 for repeated indices. Consider the cross product, ¢; = €;;,u,;v, = 11 + c2j + c3k, once
again:

C1 =€123U2V3 + €132U3V2 = UV3 — U3V3,

Co =€213U1V3 + E231U3V1 = —(Uﬂ)g - U:Wl),

C3 =€312U1V2 + E321U2V1 = UV2 — UV
Tensor notation allows for increased flexibility of the order in which factors are written than is per-
mitted in vector notation. For example, uxv # v x u. In contrast €;,u;v; = €;j5VkU; = U;VLE;jk

because the order of operation is dictated by the indices rather than the order in which the fac-
tors are written.

The permutation tensor and the Kronecker delta are related to each other through e;jpgimn =
5jm5km - 5jn6km

3.3 Summation Convention and Operators

Differentiation with respect to a space variable is written with the aid of a comma, e.g., f,; =
Of/0x;. In the case of differentiation with respect to time, either the dot or comma notation
may be used, e.g., 0%f/0t? = f = f.u, where it is understood that no summation is implied by
the double indices in f,4.

Vector operators are easily handled using summation convention. The vector operator V can
be thought of as a vector, e.g., in three dimensions V = [0, 9, 0.]T. The grad, div and curl
operations in the summation convention look like:

Vo =,

VQSO = Poii

Vv =1,

V XV = €10 k-
Note that all operators in summation convention become scalar operators. The only thing to be
careful of when dealing with operators in the summation convention is that unlike scalars, scalar

operators cannot necessarily be freely re-ordered, since they must always appear to the left of
whatever they operate on, e.g., V x v # v x V.
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