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TOPIC 1: 
Stress and Equilibrium 

 
 
 
 
 






































































































































In a typicalstaticscourse we sum theforcesandmoments over a rigidbody in ordertodetermine
the equilibriumconditions

Solidmechanics canbeconsidered an extensionofstates wherewetake intoaccountthe internalbehavior
of a deformable material

The deformable bodies ofsolidmechanics are describedbyPDEswhich areeasilysolvedforonlyvery
simple cases e.g ID deformation planestress pressurevessels Formorecomplicatedscenarios approximate
solutions are sought e.g theFEM

Let's review somesolidmechanics
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Cutting thesystemthrough differentpointswillexposedifferentequilibriumforces thus
the stress is a function ofpositionwithinthebody
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Takingequilibriuminto account we can re write thestressstate

ignoringequilibrium withequilibrium
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Thisalsoadjusts the sum of forces
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TOPIC 2: 
Stress Transformation 
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In balances TIandTy to ensure equilibriumIn cosO
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Tn Sri is a vectorthatgenerally
doesnotalignwith aThat'swhy
there is a sheerstress
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Determinethenumberof uniquestressStates
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UsingMohr'scircleandthestressstatebelowdeterminethestressstatefollowing a 10rotationd
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UsingMohr'scircleandthestressstatebelowdeterminetherequired rotations to revealthemaximum
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We are often interested in themaximumvalueofparticularstresscomponents asthese areoften
avoided in fearoffailure Butthemainstress is usuallynottheone weinitiallymeasure in an

arbitrary coordinatesys
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Previously we discussedMohr'scircle in thecortexofplanar 2b transformations Thefocus was
the xy plane however the Xz and yz plane are also legitimate and generate their own
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Derivation ofMohr'sCircle in 3D
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TOPIC 3: 
Displacement and 
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In our study of stress we never consideredthe responseofthebody legpotatomaterialcube
dueto theapplied loadingWeexpectthebodyto deform i.e changesize and shape which involves
material displacement
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normalstrain deformationalong i.e parallel to an axis
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normalstrain deformationalong i.e parallel to an axis
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Priorto loading theplatebelowhasdimensions Im x 0.8m Underload theplatedeforms as shown
belowDeterminethecomponentsofstrain atpointA
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Can we define an ax issuchthatwhenthematerialdeformsthe is nochange in angleGe noshear
strain onlynormalstrand
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Withthestraindisplacementrelationships if thedisplacements aregiven in a problemthen we can
determinethestrains ifthestrains aregiventhentheunknowndisplacements can determined For
thelatter in 2Dthere are threeequations andtwounknowns If thedisplacements aregiven we
can determinethecorrespondingstrains however ifthestrainsaregiven wecannotnecessarily
determinethe related displacements

Determinethe displacementsfromthepositiondependentstrains

Ex If y Ey dy y Ry dy by Xy

From Ex and Ey
u fydx xy e4 u fydy YEt Cz x
Butthesedisplacements are incompatiblewiththe knownsheerstrain

Ny 2,4 JI X city c x xy

Thesedisplacements are even incompatiblewitheachotherwhich we see if we try tocalculate u
from u and Jay

Ky Ky 2g Jay calx xy If xy c x

u xy calxdy xyz calxy a e x xy t cly

Ez Ey pg 2b compatibilityequations ensurecontinuitybyensuring displacements are
singlevalued






































































































































Giventhedisplacementfieldand straindistribution
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TOPIC 4: 
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In our studyofstress we dealwiththeforces on a body In our studyof strain we
dealwiththe geometric changes of a body In each case we made no reference to
the material ofthebody so thoseformulas are valid for allmaterials But we know
fromexperiencethatstress and strain are related to eachother these are theconstitutive
equations
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point non lineareffectemerge

B Elastic limit if thematerial specimen is loadedbelowthis limitandthenreleasedthen
thematerialspecimen returns to its unstrainedstate 6 0 If however thematerial
specimen is loadedbeyondthis limitandthenunloaded thenthematerial specimen
does not return to its undeformed state Eto
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Poisson's ratio v accounts fortheeffectwhere an expansion in one direction leadsto a
contraction in theperpendiculardirection
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3D Isotropic ConstitutiveRelations
Young'smodulus E measuresmaterial

on 26 1 X d 0 O O Ex resistanceto normalloads

Oy d 26th d O O 0 Ey Sheermodulus G measuresmaterial
resistanceto shear loads
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Problems involving the full 3D constitutiveequations are oftendifficultto solvewithoutthe
use ofnumerical tools Conditions of planestress and planestrainallowtheanalysis to be
simplified and applied to 2b problems

planestress one dimensionmuchsmallerthantheothertwo 1hmplate 1hmwalledpressure
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Ezz Ox Oy 2 2 2,220 02 2 2 42 0
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Constitutive Equations

Ex Cox Hoi 101 Ey Eloy VCox102 Ez 102 VC0 04

Yy 1gTxy Y z IgExz Fyz EgTyz

PlaneStrain Conditions Ez 2 2 2,2 0
O

E Co Hoi 101 Ey Eloy v 0 02 E 102 V 0 0

o V o 0a z x y
o og n

Yy 1gTxy 7 2 161 2 Tyz EgTyz
a 2 2 0 a Tyz 0

Substitute og v 0 01into Exand Ey
Ex ICQ vlog 0 017 1

1
10 4112Oy o E KI V E vEy l

E Hida 2v
solvefor

Ey Eloy vloxivcoxio.DD CHEIox lE.org ox.ox.andexy oy aujE askhey veil as

Jxy 1gTxy Exy Gfy

MatrixForm

I v v O

IIIliminal no 8K

Substitute l and 2 intoOz

UE ExtEy02
4 74 LV






































































































































plane strain one dimensionmuch largerthantheothertwo tubesshaftsunderpressure
retainingwalls or dams Loading is constantCornearlyso intheextendeddimension The
strain in theextended dimension insignificant

Ex III Ox Oy Ey 1 40 YuOx yy IgExy Ez 2 2 2,2 0

E EGDex VeyOx 1 11 20
Ex

oi a.ws i.wsausaiwexI sfI.I anEnfI
Z y GJxy

VE Ex Ey 2 2 Eye OE
Itv l 2nd Y

R

l l l l l l n
v v v v v

y l
n i g

L L L u v I i f
i n

s r r r r r

s
s

Ix

i f I t t t
cut

Giventhe thin platewiththedimensionsandmaterial properties shown below in response to
applied displacementswhatarethe internalstresses

0 Im v 0.3
I E 91hPa

equilibriumeqns
m

m

d F

0.5M solution constitutiveeqns

straindigs egns
N s s
o o Displacements

a strain
too Doo Doo compatibilityeqnsExternal Internal






































































































































Ex 2day 0.11 0.2
0.5M

Ey 2 filifm 0.1

planestress

of Eu Ex VEY 17hPa

OY 11 Ey VEx 4hPa

Giventhe followingstressfieldwithconstants a and b determinewhetherthestress
distribution represent a solution for a planestrainproblem

equilibriumeqns

a y2 b x2yd 2aby 0 Loadse sstress

constitutive

S solution equations

2aboxy
aki b Y

ay
Displacements Eran

dis9ns strain

external compatibilityearns Internal

First we mustverify that5 represents an equilibrium stressstate

IE 220 25 2 2abx 2abx 0 0
22

EE 25 2 22 2aby 2aby 10 0 effruffiberdium V

EE 22 k 2 Igg 0 0 0 0

Weapplythe constitutiveequations forplane strain

Ex III Ox Troy Ey 1 40 YOx yy Ig 4 constitutiveequations

If wewishto determine thedisplacementfield we mustfirstverifycompatibility

dfqxzidgexy gd.gr 2aCltuCbtV D 0 compatibility violatedunless a O
G butthiswouldmean 5 0






































































































































So far we havewritten constitutiverelationsforthespecial caseof an isotropicmaterial
howeverotherconstitutiverelations are possibleTheisotropicrelations comewithcertain
symmetryassumptions Let'sconsiderthemostgeneral ease no assumptions of an anisotropic
material

on eachCig is a material property e.g EGD y p
5
y III or combination of propertieswhichmust E fEfy Iya IIbedeterminedfrommechanicaltesting y y
f akto y j
Q cu 42 43 44 46 47 48 49 Ex

Oy Czi 022 023 Cut Czs 026 027 028 029 Ey

Oz Csi 032 C33 4 Gs C36 C37 8 Gg Ez

Tye Cal 42 43 44 Lets 46 47 48 49 Yyz

IX
Zyx Csi 42 43 44 Gs 46 47 48 Gg Lyx

Tx 681 682 683 684 085 086 687 088 Gg x

Try BY
81 independentmaterialconstants

we knowthat forequilibrium the offdiagonalshearstressesmustbeequal toeachother
leg I y Ty so thatthestressstateS is asymmetrictensorThestrainstateE is also
symmetricThismeans thattheeye 42 and y equation are

identicalto the Ly Fz and
Tryequations Therefore we can getrid of thethree extra equations

Q cu 42 43 44 Cis 46 Ex
Ox en en e en e Ga en ers e ex
o ca ca ca Cui Es Ga ca Coo om e Oy Czi 022 Czz Cut Czs 026 Ey
a es esse es es css esa es esse es ez

f.fi LFI f

Tyx ca en G ca ers Ga G cos pyx

Tx Cs Csr Css cosy Css Cso Css Css Cs ya 1 2 Csi Gz Csg 4 Css Csg Jx
Ey ca ca ca ca Cas Ga ca ca ca Fa

Tiffs try a key

36independentmaterialconstants






































































































































Fromenergy considerations theoffdiagonalmaterialconstants mustequal e.g C z ca This
further reduces the numberof independentconstants

Q cu 42 43 44 Cis 46 Ex

Ox Gi 42 43 44 Ces Ga Ex
Oy 42 022 023 Cut Czs 026 Ey

og ca cu ca Cae Czs CueEy

off.fi p.int ffExa Csi Gz Cs Csu Css Csa 22
Try Roy 1 2 Cls Crs Css Cas Css CSG 22

36independentmaterialconstants

Ixy 16 26 36 46 Csce 66 Rey

21 independentmaterial constants

planeof symmetry material response is the same in theoriginal andmirrored coordinate
system

Let the 2plane be a mirror plane
y
Y mirror

X X y y Z 2

a
Z x I

Htt IIIX

ZZ
N

msn.to IE EIEEB oo.l

noticewe are usingtheengineeringsheerstrainf

went IE gEI iB9o 8

lOxnOx0yi Of Oz_Oz Eyez Eye 7 2 7 2 T y1 T y

Ex Ex Eye Ey Ez_Ez fyz Hz 221 82 Jx'yi Jxy






































































































































original coordinates fullyanisotropicmaterial primedcoordinates

Ox Cu 42 43 44 Cis 46 Ex Ox Cn 42 43 44 Ces 46 Ex

Oy 42 022 023 Cut Czs 026 Ey Oyo Gz Ca Czz Cue Czs Cue Ey

Iff it Hiff I

TxzCisCzs Css Cas Css Csa 22 Tx's Cis Css Cas Css Csa Kid
Exy 46 Cue Csa 646 Csce 66 Rey Tx'y 46 Cue Csa 646 Csa 66 A'y

substituteprimedstresseslstrains
forthe originalterms

transferG signs to the
elastic coefficients.ci

v v es es
Ox cu 42 43 44 Ces 46 Ex Ox Gi 42 Cb 44 Ces 46 Ex

Oy Gz Ca Czz Cue Czs 026 Ey Gy Cia Ca Czz Cue Czs 026 Ey

t.a.tt i am ffl fTxzCisCzs Css Cas Css Csce 22 22 G Cis Crs Css Cas Css Csa 22

Try 46 Cue Csa 646 Csa 66 Rey try 46 Cue Csa 646 Csce 66 Rey

v

thematerial isthe same in anycoordinatesystem youdo notturn leadinto gold
by a coordinatetransformation Consequently the components of theelasticitymatrix
inboththeprimedandoriginal expressions mustmatch If cij cij then cij O

if

Ox Cu 42 43 O O 46 Ex

Oy Gz Ca Czz O O 026 Ey

4
Planeetstmmetry

22 O O 0 Cas Css 0 22

Try 46 Cue Csa 0 0 66 Rey






































































































































Let the y plane be an additional mirror plane

y
X X y y 21 2

mirror X I

Ht 191122 2X
L NZ

v
py

Ofa Ox Oy_Of Oz Oz Tyz Eye 7 12 7 2 Tay Txy

Ex _Ex Ey Ey Ez_Ez fi d Hz 821 82 Jx'yi Jxy

original coordinates z planeofsymmetry primedcoordinates

Ox Cu 42 43 O O 46 Ex Ox Cu 42 43 O O 46 Ex

Oy 42 022 023 O O 026 Ey Gy 42 022 023 O O 026 Ey

Itt
c

Gift
c

Exc O O 0 Cys Css O je Ext O O 0 Cas Css 0 Kid

Try 46 Cue Csa 0 0 Cece Rey Tex'y 46 Cue Csa 0 0 66 Tx'y

substituteprimedstresseslstrains
forthe originalterms

transferG signs to the
elastic coefficientsCis

v v es es
Ox cu 42 43 O O 46 Ex Ox Gi 42 43 O O 46 Ex

Oy Gz Ca Czz O 0 Cue Ey Gy 42 022 023 O O 026 Ey

fill
c c

c c

c

LHff
c

c c

c

p
Exc O O 0 Cas Css 0 The 22 O O 0 Cas Css 0 y
Try 46 Cue Csa 0 0 Cece Roy Ixyt GG 26 636 O O 66 By






































































































































Q cu 42 43 O O 0 Ex

Oy 42 022 023 O O 0 Ey

g e.nu

b
YmmeIiryandz pianesos

22 O O O 0 Css O 22

Try 0 O O 0 O Cao Ra

Two planes of material symmetry imply athird generating an orthotropicmaterial Notice
the similar construction between theaboveandthe isotropicconstitutiveequations



 
 
 
 

TOPIC 5: 
Problems in Elasticity, 

Part I: Airy’s Stress 
Function 

 
 
 






































































































































Airy's Stress Function

From calculus given twofunctions f xy andgay if If 24 0 thenthere is a third
functionAlay suchthat fLf and g Jf

BE JI bx o
Ift

o f be y

u mgy

É o

typesighs
o e by gg

e breamequations

byF dy mg

Fromthe firstequation usingthecalculustheoremand A asthirdfunction

Ox U 2,1 Exy 211

FromthesecondequationusingthecalculustheoremandB asthirdfunction

Txy dy cry U EB since Ifedgy Jf day O then

ftp.g dforfeJB 9 21

Since try is identical

A2yd B 34My Y É
this is justthecalculustheoremall overagain with f Aand24 2Ey
ga B wechoose Airystressfunction as thethirdfunction

ox U dy 34 o U 2B Yy Exy 22,1 21J

Above d onlyaccounts forequilibriumeqns Nowinvolvetheconstitutiveeqns togofromstressto strain






































































































































Ex E VOy ELLY VEI t É U

Ey Ky Va BY rÉyt Myplanestress

Key IT 21 09Try 2 Ey

Now we substitutethesestrains intothecompatibilityeqn Jtg Jeg Iggy 0

biharmonicequation

of If tdy t 2 fig t iffy Ly planestress
O'd If It 2,1g I Iyady planestrain

If U 0 thentheplanestress andplanestraindefinitions converge

84 2,14 34 221 0 u o

Degree 1 of apt azy

544 0

Ox 442 0 Oy 344 0 Exy 24 0

thetrivial case where no load
isapplied






































































































































Degree 2 4 a x any tagy

844 0

Ox 4,4 203 Oy 341 29 Exy 2134 ar

IT I
n uniform loadsand stressdistributions

are represented
U

t It
Degree 3 4 9 x'tasty tasty any
F 4 0

Ox 4,4 293 6ayy Oy 241 Ga x Lazy Exy jpg 2lazxtasy

at

p
d loadsand stressdistributionswith
a linearvariability are representedX
t
t É

a

Degree 4 of a x tax'y tax y ayyy t asy

744 8 3a a 3as 0 coefficients mustbe related

Let a 3 a tag of a x tax y 3 a tag x'y ayyy asy






































































































































Ox 4,4 6 la as x Gayxy t 12asy

Oy 319 129x Gary 6 a tag y

Ixy gy
392 2 12 a a xy 3any2

Determine the bendingstress resultingfromapplyingbendingmomentM to thinplate of
unitthickness t UseAiry's stressfunction

in
Jh EMC h Ex E TM

É 1
els

of a X tax y asxy ayy

Ox 44 29 6ayy Oy GaitLazy Try Igf 2lapeasy

The problem indicates thattheplate is subjected to purebendingThismeans no shear
Ty 0 and Oy OThis information helps us eliminate some coefficients

a Az a O since Tay O and Oy 0 forall x y Thus

Ox26any

Todetermine an we look to the loading M The momentduethebendingstressmust
balance the loading

M CordA y IÉÉxydydz GautMady auth ay 44
ahh

ox Gay 12,1y MEy I tf area momentof inertia
ofrectangularcrosssection






































































































































Showthatthemoments atthe boundaryMoandMT dueto normalandshearing loads sum
to zero in accordance withequilibrium requirements Use a polynomialAiry'sstress function
of degreefour

a x t Azx'ytasty ayxy asy

T d 214 t fly 22gg 24ait24ast8a as t 3a ta

a x t Ozx'ytasty t ayxy 1339 a y

ia 92 93 0 ay 0

l ftopside
Ox 442 293

2 Gayxy 4 3a a y Gauxy

f TEOy 249 129
2 Gary 29342 0 y

X
dIxy If 3922 4any 3ayy2 Zayy

It s tMECordAy Ifoxydyde Gayet Yydy aft bottomside rightside

ME 2 exydA ft flexydA l yay131ydxdz 3aylfy.jpdydz
topbottom right

fault dx 3ault ydy

Zand't faut't aft
MoM 0 equilibrium satisfied






































































































































Considerthecantileverbeambelowwhichhasasmallthickness t GiventhetiploadVy resulting
from a shearload determinethestressdistribution anddisplacement via Airy'sstressfunction
To start assume a 4th orderpolynomialthenadd corrections as necessary

ha

4 a x tax y ta x'y ayXy asy

5444 813a a3 3as 0 as I 3atag
a x t Ozx'y ta x'y ayxy 3139tag y

ox 42 129y 293x2 2y
2 Gayxy

Q 241 129X Gazxy 293y

Txy 24 3922 4azxy 394429

ThesystemwithresultanttipleadUy is in shear howeverwealsoexpectinternalbendingstress
NoOy is applied or expectedtoresultfromtheleading

Oy 0 a Az a3 0

Ox GayXY Q O Ixy 39442

Noshearis applied orexpectedto arise onthetopbottomsurfacesduetotheindicatedleading
howeversetting a 0 willresult in44 0 andeliminateallstressesWemustconsideremadditional
stressfunction

d b x t boxy boy

F'd O

Ox 2b Oy 2b Txy b

i Ox Gayxy 2b Oy 2b Tx 3amy b






































































































































G O 4 0 neutral axis 63 0

of O y th i bro

Ty O y th s 3944 62 0 ay Y

Vy Leyda bag Ly 1dydzs 2hjbai.be Yy

8 94 4 Oy 0 Txy Yy y l

Let us now considerthedisplacement

Ex LF E Very Ékxy 2xy

Ey Ly 70 Vos Éhuxy pxy

Jay Ey124 21ENTxy 34,1yd y l Sy're

u exdx x'y fly u feydy Bgxy2tgx

Fxy 24 24 22
2 84 try g x Syke

S y we havetwofunctionspureinxandyrespectivelythat
sum to a constantthereforeeachfunctionmustbe
equal tea constant

gal12
2 0 fily B2 8 y Cz

ga 4
3 4 2 fly f E 8 y Czytcy






































































































































4 2 4 3 1 5 Mtc
p
geegent

boundaryconditions
determineintegrationconstants

v Byxy 4
3 C x C

uldO Cy O

uldOl 213 c etc o
zero displacement at fixedboundary

211 2212 4 0 slopevanishes atfixedboundary

241 1 tCz 0 no rotation atfixedboundary



 
 
 
 

TOPIC 6: 
Problems in Elasticity, 
Part II: Prandtl’s Stress 

Function 
 
 
 






































































































































Saint Venant'sTheoryofTorsion of a prismaticelementofarbitrarycrosssectionunder

planedeformationshapechange andall crosssectionsdeform l e warp out of plane in
the samewayAlsotheangleofrotationofeachcross section is linearly proportional to
its positionalongthe z axis

is

OT O p2

xL
Y

line

i

t
Exatraction free

i

Every point in thecrosssectionrotates as arigidbody
aboutthe z axis at point 0 notnecessarilythe area
centroid

OAcos2 cos0 OA'sina sinO OAcos2

OAcos2 OAOsin2 OAcos2 Oy Byz
v OA'sin 2 0 OAsind

T rotatedas
originalels I

OA'sin a cosO OAcosa sinO OAsin a

OA'sin a 0AOcos2 OAsin 2 Ox px2

W BY xy y x y warpingfunction






































































































































Fromtheabovedisplacementfield weproceedthroughtheTontidiagrambeginningwiththe
calculationofthestrains

Ex Ly O Ey Ly 0 Ez 24 0

Oxy day guy Bz p2 0 He dyetdy p y 34 42 24 dy pftdy

Insertingintotheconstitutiverelationsgivesthe stresses

ing z
l 20Ey t u ex tEy te 0

E tug z
1 20Ez u ex tEy te 0

Verifythatequilibrium ismaintained

IF Ey dig b o

It Joy dye by o
automatically satisfied

II dig 22oztb 34 234 0 solve Laplace'sequationwithboundaryconditions
to determine yandbyextension w

We'vegonefromdisplacementtostrain compatibilityautomaticallysatisfied fromstrain to
stress unathe constitutive relations and formulated Laplace'sequation in 4 byenforcing
equilibriumTheparticularboundary conditionsoftheproblemwilldeterminethespecificform
ofy






































































































































nTn

artist

tractionfreesurface

Tnf I If 18 I ifapf.ua lnxtapftggjny o

ynxtxnytdynxt344 0É
d

egg

Ty fyi 24J gradient Ty 5 34,4 3,44 24
onto normal axis

For an alternative expressionoftheBC we return to theequilibriumequations

dJ 257 0 justas in thecaseofAiry'sstressfunction we can

pg

define a function

ex dy Gply1 42 24 Gpp It
compatibility i.e displacementcontinuity pig JI
3 227 13 34 2GB ay dy 2GB 3 34 2GB

Ifcontinuity
tohold






































































































































Now we re writethe BC intermsof of

Tn Sh Txz nx t Iyany IfNx 34ny 0
Considerthe variationof Prandtl'sstressfunction on boundary ofs 4 x s y s then

21 34,25 34,33

Itny gynx o c

ÉÉ
i

Since no constantisbetter
thananother let4 0 my lil lilcos 2 72 sina dy

T 2 4da applied torque








































































































































Use Prandtl's stressfunction to determinethewarpingfunctionof a prismatic barwith
circular crosssection Plotthe corresponding stressfield

4 12 E l

If 3,4 K 2GB K Gfr

2 2 34 Gry Gpfyt Tye 24 Gpx Gpp It
24 0 4 1 dx fly 24 0 4 fyydy fix

µ x y fly fix const

Ix GBy Ty GPX Recall Tx andTy are componentsofthe
stressvectorstresstraction

É

y

2 52 0

I Tyz

s y






































































































































Use Prandtl's stressfunction to determinethewarpingfunctionof a prismatic barwith
convex squarecrosssection Plotthecorresponding stressfield

x alcyt1 IX alcyr

x atcyt 0 left bottom

atop o ng

4 92 12 0

y ATX O top

Sexy x Tay x ray yet y rate

Latex y
2 a x2 ey2

Kflxy K a ex y
2 a x2 ey2

14 242 4636 1 2111 06 6 x2y4 2GB

Itch 67 0 c 31252 Prandtl's methodonlyworks analytically forcertain
crosssections otherwisenumerically solveV4 0

24,124 446 1 2GB is Gp
Lake 1








































































































































2 2 24 212411107 2 24 a'll c Gpfytpy

24 213414 0 2 24 a'll d y i y x y xy 2kxy 1 0
2 Gay 39 ll d fly

GP 3GB

Tyz 24 212111 0 y 20
2 a'll c Gp dy

y
2kx Italy 20 2 a'll c x y x y xy 2kxy Itchy 60

2 39 ll d fed
Gp 3GB

YAy ggptlltc6tcIx2 y xy



 
 
 
 

TOPIC 7: 
Problems in Elasticity, 
Part III: Axisymmetric 

Problems 
 
 
 






































































































































rn

Off cylinder

planestrain

dig
planestress

2

or
n

i
Tiro Ver l l

l
T

Ero En In l I
i 2oz Foz InI s r n l

of L s Soo n KriToc i
V OF TOE

Try TO OzI
Troi i

i s aZ i

orid0rdr
a dr

Teroid dr_ i
n

Erz d dz
Trot dO a 22

de Oocostoz F sqZI.dz
Oo 1dg

of i odO e v Oosin
dO1z i dog to dIIrocos u

i 2 Oi i k v o
40 Trosinfddz

Ero
v
or

EFr orrdodzifor dgordrJCrdrldodz trzrdodr f re dzrzdzyrdo.ch
ofsmfdqgdrdz fooidgqdOJS.indOzdrdz rocosfdzOdrdz Tro1240DOeosdzdrdz20

0 so
ordrdodzirdyordrdodz dgordrdodz rdjqdrdodz q.clrdOdz 12220ozdrdlddzi Jgfodrdodz O

dgor 12gfo i dzrz i I.coOo br o br pw2r






































































































































ZFo 2 ffood 2g Intro bo o

EE d fdfg to 1rem be 0 bepg

Fr In Q Lyte Ir Or Oo fair 0 planestress onesidemuchsmallerthanothertwo stressconfined
to xy plane disk

rO IpIq 2 02 2gTro beg 0 planestrain onesidemuchlongerthanothertwo stressconstant
alongthelength negligiblestrain in 2direction pipe

1 Irk 2 2 IrEm pg O n ForplanestressIstrain conditions 222 0 and02 42 2020

IRI Ird IrCorOo purr o
2 Idgaf Intro bo 0

whenloading is independentof 0andthereare no torsionalloads

rI tCoroo pwr

u radial displacements
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c D D

ar
du u u dgardr change in length in

C D radial direction

rt ado i
Er 21 dividedbyoriginal length dr

B A ar
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D VB Va LIDO
i 20C II
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du UBVa_LIDO change in length in azimuthal
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For axsymmetric problems all Igg Onthus Eco Upand go Ir

Substitute Er dug andco Ugintoconstitutiveequationsforplane stressIstran thensubstitute orand

Oointoequilibriumequation Igf Ir Or Oo purr 0

Planestressroute

III I far up
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BoundaryConditions assuming w O
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ThinDisk r rinero thickness 1 ro ri

Or a O

2 ripe repo PiIpo
r same forthinwalledpressurevessel
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Disk2
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a

rib rich
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rood CD
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P
R

l

l
i

n

Theouterradiusofdisk1 ro is greaterthan To fitdisk2 intodisk2theouter
the inner radius ofdisk2 re radiusofdisk I mustshrinkto R

andthe inner radiusofdisk2must
radialinterference1msmatch expand to R finalequilibriumradius

D rot r Thepress fitcreatesan interfacepressure p






































































































































R ro t U t roa finalradiusfromperspectiveofdiskL

R ri t U large finalradiusfromperspectiveofdisk2
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r rice IrRous 0O

U
Eero gg

rCt v Cpiri2 poroDtrir2C1tuXpi poJ
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TOPIC 8: 
Work and Strain Energy 

 
 
 
 
 






































































































































kineticenergy197 energyofmotion

potentialenergy U energyofconfiguration

workW energy addedremovedfrom a systemthatnecessarily changes its kineticandfor
potentialenergy

Consider a particlemovingundertheaction of a force

7

a

I u

d d

dW F du moi du Mff dyydt mdjydt.gg mdy di d Emir j dt

Theworkperformed in moving a particlefrom a to uz is responsible for a change in the
kineticenergy

W L du fi d Emir a 12miniz Ima ci OT

Theworkperformed in moving a particlefrom u to u undertheinfluenceof a conservative
force E is independentof thepathtaken

Considertheworkdoneby a conservativeforce astheparticlemovesfrom u to uzthrough a
referencepoint Mr

W 1 E du 1 E du f E du 1 E du E du OV

Theworkdoneby a conservativeforce astheparticlemovesfrom u to uz is equalto the
negative ofthechange in potentialenergy






































































































































AppliedForces

EquilibriumEgns s stressFarcesMoments Point
StressPressure Area
Body Volume

ConstitutiveEgns
materialmodel

straindispFans
s strain

É É compatibility
Internaconditions

Energy theability to do work alterthesystem 1nFappliedforce U mgy

kineticenergy T energyofmotion dynamics
Fg1mg restoringforce

s

potentialenergy energy of configuration displacementdeformation i
W ng dy mgy U

dW F dr W GE dr W GM dt

work productof a loadandthe corresponding displacement
that it causes

É
TOÉ

sÉ

F W Fr Io IFsince
W Frcoso

r
s

r
s IFlcoso

I'm

Hittner

d rdr Ikr Clear ter a

Fa ft Kr
Fistalinear

function

ofdisplacement






































































































































Im a Imm 2 se

Yjhh
gun

Imm a gym 2 initial EEiton

WitFree work atstep1

Ly up
displacement I butnoforce
so nowork

Nowapply E

mmmm I off 2 E

mmmyg thy
of
W2 E12 Friz workatstep2

F isstillappliedwhileRiz

www ge

mm mm 2 initial
Eti






































































































































Nowapply F

mmmm I gym 2
y
W2 12Fni t Farell

W W Wz Era IFna tFran

Theorder in whichtheforces are applied is irrelevant

IFry EreztFiruz Era IFna tFrail

Fri Era Maxwell's ReciprocityTheorem theworkdonebyone setofforcesowingto displacements
dueto a secondset isequaltotheworkdonebythesecondsetofforcesowing

ruiz re to displacementsdueto the first

WorkDone on DeformableBody u 212 4yd

my

b

c

outFdy
i utLydy

it
I end
It gg dx D G I B
a

Tat gOxc
bi

sby 30 39dxdy

g

I
Exy id D XA BTx

y I u si






































































































































aw ladydad utdydy ortdydx d utdydx dydydydz

Gxydxdddfutdydytfxytdeydyfldxdidfutdy.dz dydy

bxldxdydz d utdydz dydit x direction

Note d u dydx dutdede g ddg
since dx's constant

dw 113 Ig bydu IE Edgy tbydexdxtfz.by day biddydy
oxdextTxyddy dxdydz x direction

Thisis theequilibriumequation in thexdirection Forequilibriumtobemaintained itmustbe
zero

Differentialsrepresentverysmall changes in quantityTheproductofmultipledifferentials isquite
smalle.g dxdx adx Above dexdxanddfgdy aremuchmuchsmallerthandexanddfgso much so thattheycanbe ignored607 sincetheydonothave abig impactonthe
final result

Xdirection IDduefordex trydYy Éfdifferentialvolume
Includeworkfrom ydirection forcesdisplacements

dw foxdextoydey t exydday Exydfy du foxdextoydey t exydaydu 2b

Includeworkfrom z direction forcesmoments

dW oxdextoydeytozdezttxydyxyttxzdxzttya.dz dV 3D

Integratingstrainsgivesthetotalworkdone In thefollowing weconsider da da the differential
workper unit volumeWeperformtheanalysis for2D planestressstrainsystemandthenexpandthe
resultsto the3D case

dw OxExtOyEytOzEe tTryMy Tx222 TyeFyedu






































































































































ut Edy c

ulx y b

outfydy ya
U lx Y

Ey't.ua
dz

Ii
t 5ÉÉ

gg
b

yay jÉ
a

Ox dy
1h
by ox Edx

U 2yd dydyEy dy idk
A B IxExy

I I u si

du F dr loydydedutdyydy oxt2gdxdut2ydx dydydydz ftxydxded u1244

fxytdjgdyjdxdedfutdydztdyydytbxldxdyd.edu dy Hyde

dfutdydxf

dutdexdxtexfddyodw

EII b.fi42 EE zbydexdx j2y gq zbxiyjd
today txydyy dxdydz

dwfordextexydfyJdV x direction
foxdex
SEEdex

dwfordexterydeytexydfyfdb
x y directions

IEEE ÉEx

dw oxdextoydeytozdezttxydyyttyzdyyz.ttxzdyxzdV

94 94 toe tyg azz yappy
T2 direction

Haghpanah 2016 shapemorphing
1800 225 5345 DHL






































































































































Determineworkdonebytwo constant forces on an elasticbeam

F of sE

iii

iii
iii

a

SF s É a E averagestress constant
4 surface
area A

W 1264ox xdAdx fEIdAdx Iff a dadx gift workdonebyconstantforce
in IbL ex EE C Ox I integrateoverarea

from0 toAto

Because ofthe linearforce displacementrelationship W Eff IF tf
T displacement at l

Let's apply F firstthen E

Wi EEE

Nowapply Fz

Wi E
However dueto E there is alsodisplacementat 1 where F is stillactiveand so Fdoes some
work as well

Win Franz Fifth

W W Win WEIIE FILE ÉÉ






































































































































Castigliano's second theorem thefirstpartialofthestrainenergywant a concentrated
forcemomentgivesthe linearangulardeflection at a point

Toderive Castiglione's second theorem we applyMaxwell's reciprocitytheoremConsider a simply
supported beamwithtwo concentrated leads F and E applied

F Fa WLF E U F E

a a

Change Eby an amountdE
Wz F E ULF E U F E du U F E Hyde

F d

du JIditJyjde sinceonlyE changed de 0E

Now we applythedifferential loaddez first

de w I dEdr
k 3dr

Addtheloads FandE whichbrings us back to thefinalloading configuration

F End

l E WTF E I dEdr der

I II I IIE

Wi F E dEdr der

WCF E IW F E since diz and dr are so smallthe
workWdoesn'taddmuch

By Maxwell's reciprocity theorem theorderoftheapplied loadsdoesnotmattersothework
done is the same in either case

W F E Hyde We F E W F E t dEdr t dEr

1 Idi r r since dr a r






































































































































Castiglione's second theorem ftp p and I Oi
1 Calculatethetotalstrainenergydueto all loads

2 Differentiate thestrain energy wart a concentrated load theresultistherelevant
deflection at the location anddirection oftheload

Castiglione's first theorem 24 P and 24 Mi

In the absence of dissipation energyloss theworkwdone m deforming anelasticbody is equal
to the strainenergy U theenergysteeredbymaterialunderdefamation

For a thin beam

U W FoxExtexy a du I oxex TxRfdAdx

Recall Ex Ee and K Ty
U EI É EE dadx

EE III it

For beam bending ox My Fgand try VE where Q is thefirstmomentofthecross

sectionand b is thethicknessThus

U 1211 II y IF y E tgig dAdx

Iffy ÉÉ t guy Ig dx
where k is formfactorgivenby K I dy






































































































































Determine the slopeat the endofthebeam in thefirstcase Ignored

ex
e u

JM dummyload

U IIE YEAH

IM M Px Mo O M PxMo

U If MEETdx I Mi 2PME P dx FILML PMol PII
Otp LAME MI PA LEI
Determinethedeflection at theendof a cantileverbeamdueto an end load P Ignoreshear

e I É
xpcut






































































































































i yijgn
neverwith

distributed
load was w

I I
e É

qq.ggWIIU II É Jax ELLEN

IF F O ZE V O IM Mtwo 0 M WE
U gIx de gift

Determinethe strainenergy in a cantileverwithdistributed load w x x2

111th MittexTycut

EM
WEILE

M 343 M O M 314
whendeterminingthemomentproducedby

Xe
So Ssds s3dsdistributed loadsthefarce istaken to

sods
37

act at thecenterof loading x weeds

U
32

Rdx zzÉ






































































































































Determinethedeflection at theendof a cantileverbeamdueto an end load P Ignoreshear

e My

IM M p out
TY

x

y
i M Px

U IET ÉÉÉÉJdx gÉÉ

If rap 37

Resolvetheabovewiththe effects oftransversesheer

IF U P O V p

É jjef.IM jjiggijaxtjIgkgpya recall a zig a bh I bi

If rap Pll I t ay Egil If Hulk the importance ofsheerdepends on the
slenderness ratio s 11h Thegreater s
especially 210 thelesstransversesheer
matters

Determine the slopeat the endofthebeam in thefirst case ignoreshear

e My JM dummyload

IM M Px Mo O M Mo p

U the IIÉgaJdx 3M 3M Pl t pay

JIM Oyp
6M 3Pl sinceMo isfieticiens ourfinalstep is
GEI toeliminate itbysetting it tozero

Otp LEI






































































































































Considerthesimplysupportedbeamloaded as shownbelowUseCastiglione'stheorem to
determinethe displacementor at thebeamcenter

p
FBD

P

B A Ba na

Plz Plz

Bye EM Mtp O M PI
PIZ

My I EM Mtp Ex 17 0 M Pzlx e

PIZ

U II PIdxtztfflx ej dx.gg

uo gUp ygPI






































































































































determinethedisplacementno at thecenterofthebeam

go go
Bu v u u a

Bu v u v u A

xyy
wemustadd a feticiousloadPo

9012
i
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FBD
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TOPIC 9: 
Principle of Virtual 

Work and Minimum 
Potential Energy 

Theorem 






































































































































VirtualWork

Consider a rigidbody in equilibriumacted on by a setofforcesmoments Now imaginethat
thebodyrigidly displaces withoutaffectinganyoftheforces that act upon it

g p
É
c virtual imagined displacement

E

y

Thevirtualdisplacement is imaginary meaningthatwe can choosenearlyanything wewant
howeverthese displacements mustobey a fewrules

1 infinitesimal allows us to continueusing linearelasticityanddifferentials du realdifferentialdisplacement and Su virtualdifferential displacement

2 kinematically admissable virtual displacements mustadhere tothe same compatibilityand
as actualdisplacements constraintconditions

3 instantaneous reduces complexitybyeliminatingneed to considervirtualvelocityacceleration
andthevariation of loading in time i e FCA

Scud usu usu E tcompatibility

de u u D JEdu JEdu JEdt but SFCan t JEM JEdu t I dueto instantaneity
To develop theprinciple of virtualwork consider a bodyacteduponby several forces moments
Nowimagine somevirtual displacements Since theforces are presentsomeamount of virtual work
is done

SW FiSu E Sat F Sue FiSu EFi So
If thebody is in equilibrium then I E O and SW 0 which is a statementofthe
PrincipleofVirtualWork






































































































































PrincipleofVirtualWork for a rigidbody tobe in staticequilibriumthenthevirtualwork
done on thebodymustbe zero

Farrigid bodies theprinciple of virtual workoffers no advantages over states Butfor a system
of interconnected bodies theprinciple of virtual work simplifiesthingsbyallowing us toskip
calculating internal loads and reactions at fixed supports since thesedo no work

Problem Determine the force FB requiredto balancethe loadFe on an assembly of twopinned

I

i
e To o

d e

ftp
E e

En n'EyÉ
Fax

i

i 94,9 Ex II

IF Fox Fesin0 0 E Foxcsc

IF FatFccos0 0 E Feyseco

Joint B

IF Fasano Esin0 0 E Fa

IF EcosO Ecost Fry
2EcosO Fry

2ExcotO Fry 0 Fay 2Fexcoto






































































































































Problem Determine the force FB requiredto balancethe loadFe on an assembly oftwopinned
connectedrods

His
Ex

It e It eO o

I
is

SW OSSxp FBSy FesXc

YB Lcos Sy Ism080

Xc 21since Ste 21cos080

SW FBsinO ZEcos8 l80 0 2EcosO Fsin0 0 S E F tan

In statics we wouldhaveto drawfreebody diagrams fereachmemberand involve reactionlinterna
forces The principle ofvirtualwork greatlysimplifiedthings

Problem Determinetheequilibriumconfigurationofthedouble pendulumwithhorizontal loadPappliedto
the freeend

Ex
weightactsatcenter

SW miggy MagSy t PSXe 0

Y L sinO Sy I cos0SO ing_

jtg p
Ye dsino dogsinOz Sy l cos0 80

2
cos SO

XE d cos Leos a Sx dsin 50 Is inOzSO Ig
sw so a os

m 2mIgcos0 2Psino 0 O tantfmigfpm.bg

magcos0z 2PsinOz Q tantMig






































































































































Newton's Method

IME m glycos0 mag l cos0 t cos0 Pllsince lasing 0

2Plsing m.glcos0 2m.glcos0 2PlasinQ mzglzcos.dz 0

2PtanO m 2mg 2PtanQ Mag

Problem DeterminethevalueofMwhichbalancesthelead Fsuchthatthesystembelow is inequilibrium

y e
to

e
dy

c u

SW FSy MSO

y dsino Sy loos080

KIM 80 0 Me Flcoso O cos Mg






































































































































ProblemThecollar A slidesfrictionlesslyalongthehorizontal rigidrodEFCollarA is connected tothe
twomembertruss as shown withmembers ABandBD DeterminethevalueQwhichbalances
theload Pandmaintains the system in equilibrium in theconfigurationshown

I Q at
Eflo

p 1

Ex 1
B C ED

i

This problem is very similar to the twomembertruss problem wedid in class Virtual
workforrigid bodies requires we only considerapplied loads notreactions

SW QSx PSY O

Xa l I cos0 Sx Is inOSO

El a IFi so
p l a pI n

I I
n y i similarii l
D

B
C T t triangles

B

By similartriangles Yet É n Yo Ypg fsin 0 Sy f cos080

SW EcosO Qsin0 150 0

Tsince 2040

Q I coto






































































































































Wehaveconsideredvirtualworkfromtheperspectiveofrigidbodieswhichmustvanish inthecasethat
thesystem is in equilibrium astheappliedforces sum tozeroFordeformablebodieshoweversomeenergy
is stared in deformingthematerialwhichpreventsthevirtualworkfromvanishing

U OxExtOyEyt Eez t tryMy Exaya tTy y du W strainenergyof a deformablebody

Pz

jq.fi

t iiiiseaaes

g
B U W EP atFda u HIdu a

SU SW EP Sat Fda Sa eHbdu E

S U EP u ItdD u IEdu u o

TCtotalpotatienergy of a deformable body

ejj
___É__ when a load isappliedto anelasticbody theworkdone

bythe loadbalancesthepotential strainenergystored
in thebody U W O

p

which is a functionwemakeup If wecalculateUandW

tryto find a formof u x suchthat T UW is as close
to zero as possible we wantto findtheformof v4
that minimizesTl

As

IF
For afunction wefindthefunctionminimalmaximabylocatingthe
pointwherethegradientvanishes Asimilarconceptworksfor
findingthe minimalmaximaof a functional a functionof a function
likeTIEDwhich is a functionofthedisplacementfunction u x

X






































































































































Rayleigh Ritz Rules

1 thedisplacementfunctionmaytakeanycontinuousformpolynomial trigonometric logarithmic
acombination etc

2 thedisplacementfunctionmustadhereto kinematicconstraints i.e knowndisplacementsfrom
problemdefinitionmustnotbeviolated

3 more terms in displacementfunction comewith more tuning coefficients moretuning
coefficientsallows forgreaterfinetuningofthefinalsolutionwhich improves accuracy
4 do noteliminatetuningcoefficients unless kinematicconstraintsrequire it otherwise you
mayworsentheaccuracy of yourfinalsolution

Problem Determinethedisplacementprofile u x fora long narrowcantileverbeamwith a horizontal tip
load UsetheRayleighRitzMethod

fly a
s p

U GotAX a2
2

u o do 0 a a a x tax

U EffIft If tight gf dx FEEdx nobending noshear notorsion

O F Ee EggE14,44 4144 24 54 AEL ait 2941 4 9

yW Pull Pl la taal

TIla a U W

ST JISa ItSaz O

JI EAla t EARaz pl 0

JI EAR 4gEAesa plz o
É a O extraparameterswill

go to zero

u x PEAx exactsolution






































































































































Problem Determinethedisplacementprofile u x fora long narrow cantileverbeamwith a vertical tip
load UsetheRayleighRitzMethod

it
U GotAX ax 933 a4x4

u o do 0

Y u x aex e a3 3 a4x4
2 o

ar o

3 2 292 693x 12am

U EffIftAFFtayy gf dx tf É dx noaxialloads no shear notorsion

N EIJt
U EI LazGasx 129xD'dx

ZEIL Say Saal 3a Ula 3121593 15la ay 121ay5

W Pu
x e

Pl az ta l ta l

TICazas au U W ST JISaz JISa JISay 0
To Io To

II 4last 61 a 81ay Pe O

III 6da t 1213a 181ay Pl
3 0 at Pf as pg ay O extraparameters will

go to zero

Iq 81392 181a a 1441say Pl O
5

u x PE3d x






































































































































Problem Determinethedisplacementprofilemix fora long narrowsimplysupportedbeamwith a vertical
loadatthemidspanUsetheRayleighRitzMethodAssume a trigonometricdisplacement
function oforder2

p

u x a É aisin it x bicos it x trigonometricfunction ofordern

u x Got a sin Y a sin 2J b cos becosLex trigonometricfunction oforder2

u O a 0 and bi O everycosineterm violatestheUco 0 BC
so we immediatelydismiss it necessarykinematicconstraint

3 1 It cosIT 2 2 cos T az O

112 so 21 ego nonessentialbuthelpful

u x a sinG Jyp a sin Y kinematicconstraint

I a my p

d

W Pu 9 Pa

Et an P O a egg

Ux ÉPÉEsinng nottheexactsolution butwithin a fewpercent






































































































































Problem Determinethedisplacementprofile u x fora long narrowsimplysupportedbeamwith a vertical
loadatthemidspanUsetheRayleighRitzMethod Assume a polynomialdisplacementfunction
oforder4

p

u x Éaixill x a d x a xd x tax d x tax'll x

Aol Cao a d x la a d x2 az a d x a x all 0 by construction

UCO a 0 as O

dy az asd 0 as If wemakethissubstitution in the
displacementfunction we can simplify

u x a lx la azl x2 X 21 x

m

Yg 2a 29211 61 6 4

U LEE fail all Glx 6 9 dx 2EgIlSaitail

W Pu 4 Ppl 4a azl

ST 0 requires II Iz O

III 4EI la Pfa 0

II LEEa py o
9 16 1 I 9 6FEI i 9 42 64ft

u x PxCd x 412 51 5 2 nottheexactsolution butwithin a fewpercent
64EIA






































































































































Problem Determinethedisplacementprofile u x fora long narrowsimplysupportedbeamwith a vertical
loadatthemidspanUsetheRayleighRitzMethod Assume a polynomialdisplacementfunction
oforder4

p

u x Éaixill x a d x a x d x tax d x ax'le x

Aol Cao a d x la azl x2 az a d x a x u l 0 by construction

UCO a 0 as O

dy az asd 0 as If wemakethissubstitution in the
displacementfunction we can simplify

Yg 2a 2all 37 6asx l 2x to do thiswhich results inmorework
forthesame answer

no

U EI 2a 2all 37 Gax l 2x dx

EI 4lap 4135 241say 412 azt 413 a 81 azaz

W Pu 4 Fg412 2Pa dad

STI 0 requires II JI IE O

II ZEIL La 2Cartad l Plf 0p
u x PxCd x 412 51 5 2

oyez
nottheexactsolution butwithin a fewpercent






































































































































Problem Determinethedisplacementprofile u x fora long
distributed load UsetheRayleighputzmethod

narrow cantileverwith a uniform

1 t t d 190 9

U Gota x ax 933 94 4

u o do 0

Y u x axe a3
3 a4x4

2 o
ar o

same as above

3 2 292 693 1294 2

U EEG292693 1294 2 dx

ZEILSay Saal 3a Ula 314593 15la ay 121ay

Wefqaulxdx gofazefastfan

T U W

ST SeaW II Saz II Sas IISay O

II 4last 61 a 81ay q O

III Gta
t 121 3 181ay 941 0 as II 93 6 1 9424 1

JI 81 2 181a a 144gsay q.gl O

i u x 29,11161 4lx x2 exactsolution






































































































































Use a fifthdegreepolynomialandtheRayleigh Ritz method todeterminethe displacement
profileofthesimplysupportedbeam loaded as shown below

P
g
p

g
Pig

y

U x gota X tax tax ta x t asX

uld a 0 a O

U927 312116a 8and ta d tZayd as147 0 as 2 8a yard 29312aye
14

U x a X tax tax ta x y 8a Yazdt29312 dal is
a d l 15a 7921 3931 ay13 0 ay isa tYazd 30312

u x g l 1531 14
4
93263 7 4 637 9313 l 2x l x

At thispoint wehaveaccountedforall kinematicconstraintsandmayproceedto solvetheproblemof ST 0 however we maytakeadvantageof anti symmetryto definemoreBcs EveryBCutilized is a coefficienteliminated which reducesthe numberof coefficients to solvefor

2 x y
1253 a 228az Ffa 0 as gel1439 23azl

Ux gagx l 2x l x 512 15ex 8 4 923451 8 76 2x l x

It x 34 2104791 3921 0 q 79g

u x g 314713 5812 2 801 3 3249
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Let P10,1 1 and EI 10 then






































































































































Euler Bernoulli Beam slenderbeamwith transverse loading

tan0 24i m on

Fxx Guy LinO

du dydy Ody

u Oy

ex day y

Ox Eex Ey z

Iz fyrdA areamomentofinertia writ z axis
dF oxdA Eydigda

M dFy EyEyda EIEy
EIJI



TOPIC 10:
Introduction to the 

Finite Element Method 
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Castiglione's secondtheorem
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Castighano's firsttheorem
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U IE la uidx I IIyufdx I fku.su dx 32eECuza Cuz n un un

dy 3116 uz f

24 31164 24 us f
fE ÉI

JK BAE 42 243 4 8 Fy

day BAE 4 4 14

beams supportsbending andtransverse loads a

truss supportsbending transverse and axial loads t s

22fix fax EMem methyl 0

fine m2 m methyl

fax

Let's fix node I and apply fax fayandm at node 2

U 121 3 2,1dx assumingsheeris negligible Me Mtmatfax 0
i M lm fax

Ft f o

matfryx tpff dxEI

If FEE FEE






































































































































Mix Afffax

0 KEE GEM
fMy If ÉfaytzÉm

g.gg y y
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ng g

Notice if u 0 butUzy O and02 0 then

fax AEUx an axialdisplacementrequires an axialfarce

if uz 0 butUzy O and 02 0 then

fry 12E day
a transversedisplacementrequiresboth atransverseforceand a moment

ME GEFUry

If we take intoaccounttheforcesmoments atnode 1 then it can beshownthat

0 KEI GEE O 12 GET any fix

Iii
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q q o n

II
É

O GEE LEI O GEE YEI O Ma

T I






































































































































LocalCoordSys E O I
2 2
O

elements CH t
r est s E

nodes GlobalCoordSys
BreakUp i F

D 2 I
2

O Y
r n O

I 3 3
O 03 O O
D D r 2
AM 002

simpletrussstructure M FEModel

The rod FEmatrixequations are basedonthe3DgoverningequationEA222 tf O Inthe localcoordinate
systemnodes displaces in eitherthe x ar y directionsbut in the global coordinatesystemthe
nodesmaydisplace in both I and I directions Allelements in a FEmodelmustadheretothe same
global coordinate system

a fi 3 rain
O c
me.aefo8g 8g

ae.txdexr
n
d.anoam desfl te.ttIexran.dan indesfE

local global

aa fun 4 8 1 Uyet Unedetuney
al Eg
fo n in

apEx um u EyEd u UeaExEx 4gEIED exp Qal
r

Mixcos0 1 UySino Y Ex
O X

a Ey um u ie e u.y uexCexey uyCEyEy TO z en
X

U SMO1 U cos0

Thesametransformations canbedonefarEez as wellas be formulated to accountforthe zword
Togetherthe 2b localglobaltransformation is
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amateur
localdisplacementvector

Allalongwe'vewritten Keandft in termsofthelocal ut displacementsWemustmoveto the
global system

A tusker Bakeri
12457 11,5 yÉÉ E

É É

1 I
where c cos0 s sino

similarly Fijian
rodsupports axial leadsfix

u s uz
fax

tix 75 is tax shaft supportstorsionalleads

Dix Ox

by ly Gypsy

mix of f Max beamsupportsbendingmoments
andshearloads

mix
fay
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TOPIC 11:
Indicial Notation and 

Summation



Indicial Notation and Summation

3.1 The Summation Convention

Einstein summation is a notational convention for simplifying expressions including summations 
of matrices and tensors, in general. There are essentially three rules of Einstein summation 
notation, namely:

1. Indices repeated within a term are implicitly summed over.

2. Each term must contain identical non-repeated indices.

3. Each index can appear at most twice in any term.

Rule 1 on the above list can be employed to greatly simplify and shorten equations involving
tensors. For example, using the summation convention, the dot product of vectors u and v is
written as

u · v = uivi ≡
∑
i

uivi.

Similarly, the double dot product of second-order tensors A and B is given by

A : B = aijbij ≡
∑
i

∑
j

aijbij.

In the previous examples, the number of indices in each of the components (e.g., one and two in
the case of ui and aij, respectively) indicates the order of the tensor.

As an alternative to the matrix notation, y = Ax, including Rules 2 and 3 allows the a system
of linear equations to be written in an alternative compact form:

y1 = a11x1 + a12x2 + · · ·+ a1nxn

y1 = a21x1 + a22x2 + · · ·+ a2nxn

... =
...

ym = am1x1 + am2x2 + · · ·+ amnxn

 ⇒ yi = aijxj ≡
n∑
j

aijxj. (3.1)
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where i = 1, . . . ,m. Moreover, while the expression yi = aijxj is valid, the expressions Mijujvj +
wi and Tijkuk + Mip are invalid because the index j appears three times in Mijujvj, while the
non-repeated index j in Tijkuk doesn’t match the non-repeated p of Mip.

Rules 1 and 2, in particular, describe the separate treatment of dummy indicies – which appear
no more than twice per term and are summed over – and free indices – which appear once per
term and are not summed. In Eq. (3.1), i is a free index, while j is a dummy index.

The great advantage of using the summation convention is that all quantities in an expression
become scalars able to be manipulated; (re-)ordered in whatever way that is convenient, although
care must be taken when an expression involves operators.

3.2 The Kronecker-δ and Permutation Tensor ε

When writing vector expressions in the summation convention, two tensors appear so often that
they are conventionally always given the same symbol: the Kronecker delta, δ and the permuta-
tion tensor, ε (syn., Levi-Civita permutation symbol, anti-symmetric tensor).

The Kronecker delta is a rank 2 tensor defined by:

δij =

{
1, i = j

0, i ̸= j

and is equivalent to the identify matrix, I. In an expression, it has the effect of replacing one
index with another, e.g.,

uj = uiδij,

cik = δijajk.

The permutation symbol, ε, is a rank 3 tensor defined by:

εijk =


+1, ijk, even permutation: 123, 231, and 312

−1, ijk, odd permutation: 321, 213, 132

0, otherwise

where, specifically, even refers to cyclic permutations of 123, odd refers to cyclic permutations
of 321, and otherwise accounts for the twenty-one instances of repeated (equiv., absent) indices
(e.g., 112 where 1 is repeated and 3 is absent).

Recall the vector cross product written as the determinant of a 3× 3 matrix:

u× v =

∣∣∣∣∣∣
î ĵ k̂
u1 u2 u3

v1 v2 v3

∣∣∣∣∣∣ = (u2v3 − u3v2)̂i− (u1v3 − u3v1)ĵ + (u1v2 − u2v1)k̂.
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This can also be determined using εijk as follows c = u × v ⇒ ci = εijkujvk. For illustration
purposes, let i = 1 and consider every combination of j and k:

c1 =
∑
k

∑
j

ε1jkujvk =�����:0
ε111u1v1 +�����:0

ε121u2v1 +�����:0
ε131u3v1 + · · ·

�����:0
ε112u1v2 +�����:0

ε122u2v2 + ε132u3v2 + · · ·

�����:0
ε113u1v3 + ε123u2v3 +�����:0

ε133u3v3

=u2v3 − u3v2.

Similar results are achieved for i = 1, 2; however, the effort is greatly simplified in recalling that
εijk = 0 for repeated indices. Consider the cross product, ci = εijkujvk = c1î + c2ĵ + c3k̂, once
again:

c1 =ε123u2v3 + ε132u3v2 = u2v3 − u3v2,

c2 =ε213u1v3 + ε231u3v1 = −(u1v3 − u3v1),

c3 =ε312u1v2 + ε321u2v1 = u1v2 − u2v1.

Tensor notation allows for increased flexibility of the order in which factors are written than is per-
mitted in vector notation. For example, u×v ̸= v×u. In contrast εijkujvk = εijkvkuj = ujvkεijk
because the order of operation is dictated by the indices rather than the order in which the fac-
tors are written.

The permutation tensor and the Kronecker delta are related to each other through εijkεimn =
δjmδkn − δjnδkm.

3.3 Summation Convention and Operators

Differentiation with respect to a space variable is written with the aid of a comma, e.g., f,i =
∂f/∂xi. In the case of differentiation with respect to time, either the dot or comma notation
may be used, e.g., ∂2f/∂t2 = f̈ = f,tt, where it is understood that no summation is implied by
the double indices in f,tt.

Vector operators are easily handled using summation convention. The vector operator ∇ can
be thought of as a vector, e.g., in three dimensions ∇ = [∂x ∂y ∂z]

T. The grad, div and curl
operations in the summation convention look like:

∇φ = φ,i

∇2φ = φ,ii

∇ · v = vi,i

∇× v = εijkvj,k.

Note that all operators in summation convention become scalar operators. The only thing to be
careful of when dealing with operators in the summation convention is that unlike scalars, scalar
operators cannot necessarily be freely re-ordered, since they must always appear to the left of
whatever they operate on, e.g., ∇× v ̸= v ×∇.
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